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ABSTRACT 

S^An  initial-  and  boundary-value  problem  for  the  Korteweg-de  Vries  equation 
is  shown  to  be  well-posed.  The  considered  problem  may  serve  as  a  model  for 
unidirectional  propagation  of  plane  waves  generated  by  a  wavemaker  in  a 
uniform  medium.  Such  models  apply  in  regimes  in  which  nonlinear  and  dispersive 
effects  are  of  comparable  small  order 
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SIGNIFICANCE  AND  EXPLANATION 


In  certain  regimes,  the  propagation  of  small-amplitude  long-wavelength 
surface  water  waves  in  a  horizontal  and  uniform  channel  may  be  approximately 
descril  ed  by  the  Korteweg-de  Vries  equation.  When  actual  comparisons  of 
solutions  of  this  model  equation  are  made  with  data  gathered  in  the  laboratory 
or  the  field,  initial  and  boundary  conditions  are  necessarily  appended.  Such 
comparisons  have  generally  been  made  using  the  pure  initial-value  problem. 

That  is,  the  wave  profile  is  supposed  specified  everywhere  in  space  at  a  given 
instant  of  time,  and  the  subsequent  evolution  of  the  waves  is  predicted  on  the 
basis  of  the  Korteweg-de  Vries  equation. 

In  fact,  the  measurements  typically  and  most  accurately  obtained  in  a 
laboratory  are  temporal  traces  of  the  wave,  taken  at  fixed  locations  down  the 
channel.  Thus,  observations  are  made  of  the  waves'  passage  at  fixed  places 
along  the  channel.  Measurements  so  taken  must  then  be  converted  into  initial 
data  if  the  pure  initial-value  problem  is  to  apply.  The  procedure  for  such  a 
conversion  is  a<l  hoc,  and  has  recently  been  called  into  question  as  both 
unnecessary  and  inaccurate  (cf.  Bona,  Pritchard  and  Scott,  1981).  These 
authors  suggest  that  a  certain  initial-  and  boundary-value  problem  is  a  more 
suitable  model  for  typical  experimental  configurations.  Indeed,  they  carry 
out  a  detailed  comparison  of  the  predictions  of  an  alternative  model  equation 
with  laboratory  data,  using  the  aforementioned  initial-  and  boundary-value 
problem. 

The  major  accomplishment  of  the  present  report  is  to  show  that  the 
relevant  initial-  and  boundary-value  problem,  posed  for  the  Korteweg-de  Vries 
equation,  has  a  satisfactory  theory  of  existence  and  uniqueness  of  smooth 


solutions.  This  sets  the  stage,  in  principle,  for  a  more  direct  testing  of 

♦  ie  Korteweg-de  Vries  model  than  has  heretofore  been  attempted.  - - 
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THE  KORTEWEG-de  VRIES  EQUATION,  POSED  IN  A  QUARTER  PLANE 


t  * 

Jerry  Bone  and  Ragnar  Winther 

1.  INTRODUCTION 

The  Korteweg-de  Vries  equation,  originally  suggested  in  connection  with  a  certain 
regime  of  surface  water  waves,  has  been  derived  as  a  model  for  unidirectional  propagation 
of  small-amplitude  long  waves  in  a  number  of  physical  systems.  Because  of  the  range  of  its 
potential  application,  and  because  of  its  very  interesting  mathematical  properties,  this 
equation  has  been  the  object  of  prolific  study  in  the  last  few  years.  These  studies  have 
generally  concentrated  on  aspects  of  the  pure  initial-value  problem, 

u.  +  u  +  uu  +  u  “0,  (1,1) 

u(x,0)  -  f(x),  <1.2) 

for  x  £  R  and  t  *  0,  say.  Equation  (1.1)  is  a  version  of  the  Korteweg-de  Vries 
equation  in  which  the  dependent  and  independent  variables  are  non-dimensional,  but 
unsealed.  The  initial  data  f  in  (1.2)  typically  deaays  to  zero  at  infinity,  or  is  taken 
to  be  a  per iodic  function,  though  these  do  not  exhaust  the  theory  thus  far  existent  (cf. 
Bona  s  Schonbek  (?],  and  Menikoff  (201).  For  comprehensive  descriptions  of  results 
pertaining  to  the  KdV  equation,  as  (1.1)  will  be  named  subsequently,  the  reader  may  consult 
the  review  articles  of  Benjamin  (3),  Jeffrey  and  Kakutani  (14),  Lax  £171,  Miura  (21,22]  and 
Scott,  Chu  and  McLaughlin  (24]. 

The  applicability  of  the  KdV  equation  in  a  particular  context  depends  on  many 
factors.  Among  the  more  universal  of  these  is  that  the  waves  be  unidirectional  and 
essentially  one-dimensional  in  character.  It  must  generally  be  the  case  that,  at  least 
locally,  the  nonlinear  and  dispersive  terms,  uux  and  uxxx.  represent  small  corrections 
to  the  basic  one-way  propagator  ut  +  ux  "  0  In  attempting  to  assess  the 
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performance  of  the  KdV  equation  as  a  model  for  waves  In  a  particular  system,  the  pure 
initial-value  problem  may  not  be  particularly  convenient.  There  might  be  difficulty 
associated  with  determining  the  entire  wave  profile  accurately  at  a  given  instant  of 
time.  One  method  of  obtaining  unidirectional  waves  to  test  the  appurtenance  of  KdV  is  to 
generate  waves  at  one  end  of  a  homogeneous  stretch  of  the  medium  in  question  and  to  allow 
them  to  propagate  into  the  initially  undisturbed  medium  beyond  the  wavemaker  <cf.  figure 
1).  During  the  time  when  the  waves  propagate  freely,  it  may  be  expected  that  KdV  can 
apply.  Of  course  any  real  medium  will  have  finite  extent,  and  once  the  waves  have  been 
influenced  by  another  boundary,  the  experiment  should  cease,  as  far  as  KdV  is  concerned. 

In  such  an  experiment  it  may  be  comparatively  easy  to  measure  the  passage  of  the  generated 
waves  at  a  fixed  location  at  or  away  from  the  wavemaker.  If  this  is  the  orse,  the 
generated  waves  can  be  determined,  at  or  near  the  wavemaker,  and  at  another  station  further 
away  from  the  wavemaker.  One  could  imagine  using  the  measurement  nearest  the  wavemaker  as 
data  for  the  KdV  equation.  It  may  then  be  possible  to  predict,  perhaps  numerically,  the 
behavior  of  the  waves  further  from  the  wavemaker  on  the  basis  of  the  KdV  equation,  and  to 
compare  the  prediction  with  the  measurements  made  well  away  from  the  wavemaker. 

The  major  accomplishment  of  the  theory  presented  here  is  the  demonstration  that  the 
program,  just  described,  can,  in  principle,  be  carried  out.  Let  us  agree  to  fix  the  zero 
of  the  spatial  coordinate  x,  which  is  along  the  direction  of  propagation,  at  the  station 
nearest  the  wavemaker  where  a  measurement  is  to  be  taken.  Then  the  mathematical  problem 
that  accompanies  the  above  discussion  is  expressed  as  the  following  initial-  and  boundary- 
value  problem  (cf.  again  figure  1). 

ut  +  ux  +  uux  +  uxxx  *  for  *'*  *  °' 

and 

>  0.3) 


u(x,0)  -  f ( x ) , 

for 

x  >  0 

u(0,t)  »  g(t). 

for 

n 

V 

o 

According  to  the  above  general  discussion,  it  could  be  warranted  to  take  f  =  0  and  to 
assume  that  g,  which  is  determined  experimentally,  is  consistent  with  small-amplitude 
long-wavelength  waves.  These  assumptions  will  play  no  role  in  the  theocy  developed  here. 
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All  that  will  be  required  is  that  f  and  g  exhibit  smoothness,  which  is  entirely 
appropriate  to  the  use  of  KdV  as  a  model  equation,  and  that  f  decay  to  zero  at  infinity 
appropriately.  The  smoothness  requirement  extends  to  the  origin,  and  results  in  a  certain 
compatibility  that  must  be  satisfied  between  f  and  g.  These  conditions  will  be  spelled 
out  presently. 

The  same  initial-  and  boundary-value  problem  has  been  analyzed  for  the  alternative 
equation,  proposed  by  Peregrine  [23]  and  Benjamin,  et.  al.  [4] , 

ut  +  ux  +  uux  '  uxxt  ”  °' 

in  (5).  Results  related  to  those  established  in  the  latter  reference  will  be  derived  and 
used  in  the  attack  on  (1.3).  The  connection  between  KdV  and  (1.4)  is  a  regularized  version 


where  t  >  0.  The  regularized  problem  (1,5)  intervenes  in  a  substantial  way  in  the 
existence  theory  for  (1.3)  developed  here.  The  regularized  differential  equation  appearing 
in  (1.5)  is  the  same  tool  used  already  in  [7]  and  [8]  in  discussions  of  various  pure 
initial-value  problems  for  Kdv.  The  general  outline  of  the  theory  herein  is  patterned 
after  that  developed  in  [8].  The  technical  difficulties  presented  by  the  non-homogeneous 
boundary  condition  u(0,t)  “  g(t),  for  t  >  0,  require  a  more  delicate  analysis  than  that 
effected  in  the  last-quoted  reference. 

The  present  theory  may  be  considered  an  extension  of  the  earlier  work  of  Ton  [27]  and 
Bona  and  Heard  [6],  Ton's  paper  undertook  the  study  of  the  problem, 

ut  +  uux  ±  uxxx  “  °»  5t't  >  °'  ^ 

u(x,0)  -  f(x),  x  >  0,  >  (1.6) 

u(0,t)  •  0,  t  >  0.  J 

tf  the  minus  sign  appears  in  front  of  the  dispersive  term,  then  the  extra  boundary 
condition  ux<0,t)  ■  0,  for  t  >  0,  is  appended,  for  problem  (1.6),  with  the  positive 
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sign  taken,  the  methods  exemplified  in  Lions'  text  [18)/  combined  with  the  regularization 
used  by  Temam  126},  in  an  early  paper  on  the  periodic  initial-value  problem  for  KdV,  are 
used  to  obtain  global  existence  of  weak  solutions  and  local  existence  of  classical 
solutions.  (The  interval  of  existence  is  proportional  to  the  inverse  of  *f*g#  *n  the 
notation  to  be  introduced  In  section  2.) 

Actually,  problem  (1.6)  is  not  an  appropriate  model  for  water  waves  in  a  uniform 
channel,  as  is  suggested  in  [27).  For  the  differential  equation  in  (1.6)  is  written  in 
travelling  coordinates,  and  consequently  the  boundary  condition,  if  it  is  to  correspond  to 
observations  of  the  disturbance  at  a  fixed  position  in  the  channel,  should  be  applied,  not 
at  (f),t),  for  t  >  0,  but  rather  at  <-t,t>,  for  t  >  0.  This  awkwardness  is  easily 
obfiscated  by  the  Inclusion  of  the  extra  linear  term  ux  in  the  differential  equation,  an 
addition  without  serious  consequence  as  regards  Ton’s  mathematical  proofs.  A  more  serious 
objection  to  the  theory  developed  in  (27}  is  that  the  homogeneous  boundary  condition 
u( 0 , t)  »  0,  for  t  >  0,  is  not  well-Buited  to  model  waves  generated  by  a  wavemaker  at  one 
end  of  a  uniform  stretch  of  medium,  as  already  explained.  Moreover,  for  problems  of  long¬ 
wave  propagation,  it  is  not  anticipated  that  the  flow  will  develop  singularities,  and 
consequently,  it  is  expected  that  the  model  equation  should  have  a  global  theory  of 
classical  solutions,  corresponding  to  suitably  smooth  data.  These  drawbacks  in  the  earlier 
theory  are  here  shown  to  be  methodological,  and  not  inherently  a  property  of  the  model 
equation. 

In  (6),  a  local  existence  theory  for  (1.3)  is  developed,  using  the  methods  of  Kato 
[16).  The  boundary  data  is  required  to  be  mildly  smooth,  but  otherwise  arbitrary.  For 
technical  reasons,  this  theory  has  not,  thus  far,  yielded  solutions  defined  globally  in 
time. 

It  la  worth  drawing  attention  to  several  comparisons  which  have  been  made  with 
experimentally  obtained  data,  pertaining  to  the  originally  conceived  application  of  the  KdV 
equation  to  small-amplitude  surface  water  waves.  We  cite  the  studies  of  zabusky  and  Galvin 
[31}  and  Hammack  and  Sequr  [13J,  and  of  Hammaok  [12}  using  equation  (1.4).  These  studies 
all  used  pure  initial-value  problems  for  their  theoretical  predictions,  even  though  the 
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experimental  configuration  was  exactly  as  described  earlier,  in  justifying  the  further 
study  of  the  initial-  and  boundary-value  problem  considered  here.  That  is,  a  uniform 
channel  of  water,  initially  at  rest,  had  waves  generated  at  one  end  by  a  wave maker .  The 
waves  propagated  down  the  channel  and  their  passage  was  recorded  at  various  stations  along 
the  channel.  Entailed  in  each  of  these  studies  was  a  transformation  of  data  measured  over 
time,  at  a  fixed  location,  to  data  measured  spatially  at  a  fixed  instant  of  time.  The 
approximate  transformations  used  in  the  above-quoted  studies  introduce  errors,  which  can  be 
analyzed,  in  fact,  the  forthcoming  work  [10)  addresses  this  issue  in  some  detail,  and 
consequently  it  is  not  taken  up  here,  except  to  report  that  quite  significant  errors, 
particularly  as  regards  the  phase  speed,  can  be  expected  when  using  the  approach  of 
converting  the  boundary-value  problem  to  a  pure  initial-value  problem. 

It  is  also  worth  noting  that,  at  least  for  surface  water  waves,  damping  effects  need 
to  be  considered.  Such  effects  were  introduced,  in  an  ad  hoc  way,  in  [121  and  [13),  and 
more  systematically  in  [10].  ftn  additional  term  that  models  the  damping  due  to  the 
boundary  layers  on  the  bottom  and  sides  of  a  uniform  channel  of  shallow  water  has  been 
derived  carefully  by  Kakutani  and  Matsuuchl  [15)  at  the  level  of  approximation  entailed  in 
the  KdV  equation.  The  incorporation  of  such  dissipative  terms  in  the  initial-  and 
boundary-value  problem  (1.3)  is  under  study,  but  will  not  be  addressed  here. 

The  paper  is  organized  as  follows.  Section  two  sets  out  the  notation  and  terminology 
to  be  used  subsequently  and  presents  a  sample  of  the  main  results  in  the  paper.  In  section 
three,  the  regularized  problem  (1.5)  is  considered,  and  is  shown  to  admit  a  satisfactory 
theory,  when  C  is  fixed  and  positive,  ft  priori  e-independent  bounds  for  solutions  of 
the  regularized  problem  are  derived  in  sections  four  and  five.  Passage  to  the  limit 
e  +  0  Is  effected  in  section  6,  where  smooth  solutions  of  the  initial-  and  boundary- 
value  problem  (1.3)  are  shown  to  exist.  The  paper  concludes  with  some  commentary 
concerning  aspects  not  covered  in  the  present  study. 


2.  PRELIMINARIES  AND  STATEMENT  OF  THE  MAIN  RESULT 
For  an  arbitrary  Banach  space  X,  the  associated  norm  will  be  denoted  The 

following  spaces  will  intervene  in  the  subsequent  analysis. 

If  ft  is  a  bounded  domain  in  Rn,  then  C^(ft)  denotes  the  space  of  real-valued 
functions  which  have  classical  derivatives  up  to  order  j  in  0,  and  whose  derivatives,  up 
to  order  j,  extend  to  a  continuous  function  on  ft.  If  j  «  0,  C^(S)  will  be  denoted 

simply  C(ft).  The  norm  on  C(ft)  is 

"f‘o(55l  *  sup 

.  C()  xefl 

and  the  norm  on  C^(ft)  is 

Ifl  =  i  ia“f«  ,  (2.1) 

CJ(B)  |a|<^  clS> 

where  a  m  (a  ,•••, a  )  is  a  multi-index  of  non-negative  integers,  |a|  »  a  +  •••  +  a  , 
In  In 

and 


3“f(x) 


a  a 

3x  •••  3x  n 
1  n 


The  notation  3^  for  3r/3xr  and  3^  for  3r/3tr  will  be  employed  throughout  when  it  is 

convenient.  If  ft  is  unbounded,  C^(ft)  is  defined  exactly  as  in  the  case  that  0  is 

b 


bounded  except  that  the  function  and  its  derivatives  are  required  to  be  bounded.  The  norm 


is  again  defined  by  (2.1). 

The  space  C  (ft)  -  n  C^(ft)  will  be  used,  but  its  usual  Frechet-space  topology  will 
not  be  needed.  P(ft)  is  the  subspace  of  C  (ft)  of  functions  with  compact  support  in  0. 

Its  dual  space,  O' (ft),  is  the  subspace  of  Schwartz  distributions  on  0. 

If  ft  is  open  in  r",  then  C^(ft)  is  the  continuous  real-valued  functions  defined  on 
ft  and  possessing  classical  derivatives  up  to  order  J  which  are  continuous  on  ft.  No 
restrictions  are  placed  on  the  behavior  of  the  functions  near  the  boundary  of  ft.  This 
class  can  also  be  given  a  natural  Frechet-space  topology,  but  this  topology  will  not  figure 

t»  j 

in  the  developments  here.  Naturally,  C  (ft)  •  CJ(ft). 


I 


t 

*1 


If  T  >  0,  we  will  systematically  use  the  abbreviation  C(0,T)  for  C([0,T1). 
Similarly,  Cm(0,T)  will  stand  for  C^IO,?]). 

For  any  real  p  in  the  range  [1,“),  LP(ft)  denotes  the  collection  of  real-valued 
Lebesgue  measurable  p^-power  absolutely  integrable  functions  defined  on  8.  As  usual, 

oo 

L  (ft)  denotes  the  essentially  bounded  real-valued  functions  defined  on  ft.  These  spaces 
get  their  usual  norms, 

Ifl  -  {/  |f(x)|Pdx}1/p, 

lp<«>  a 

for  1  <  p  <  “,  and 

Ifl  m  »  essential  aupremum  |f(x)|. 

L  (ft)  x  e  ft 

If  1  <  p  <  ",  and  m  >  0  is  an  integer,  let  wm,p(B)  be  the  Sobolev  space  of  LP(ft)- 
functlons  whose  distributional  derivatives  up  to  order  m  also  lie  in  LP(ft).  The  norm  on 


wra,p(a)  i3 


lflp  >  l  I3°flp  . 

wm,p(a)  |o|<m  LP(ft) 


When  p  «  2,  w  ,p(a)  will  be  denoted  H  (ft).  This  is  a  Hilbert  spece,  and 

0  2  s 

H  (ft)  »  L  (0).  For  s  >  0,  not  necessarily  an  integer,  H  (H)  is  defined  by 

interpolation.  For  s  >  0,  H®(ft)  is  the  closure  in  H®(0)  of  D(ft).  For  s  >  0, 

H  S(B)  la  the  dual  of  H*(ft)  with  respect  to  the  pairing  which  is  the  extension  by 

2 

continuity  of  the  usual  L  (ft)-inner  product.  The  non-integer  order  Sobolev  spaces  only 
Intrude  at  one  point  in  our  analysis,  and  then  only  in  the  interest  of  sharpness.  Details 
concerning  these  spaces  may  be  found  in  LionB  &  Magenes'  work  [19]  or  in  Stein's  text  [25), 

00  -l  00 

for  example.  The  notation  H  (B)  *  HJ(ft)  will  be  used  for  the  C  -functions  on  ft, 

2 

all  of  whose  derivatives  lie  in  L  (B). 

Finally,  H®  (B)  is  the  set  of  real-valued  functions  f  defined  on  ft  such  that, 
loc 

for  each  e  P(ft),  •ft  €  HS(ft).  This  space  is  equipped  with  the  weakest  topology  such  that 

all  of  the  mappings  t  *  •ft ,  for  e  D(ft),  are  continuous  from  H®  (ft)  into 

loc 

h® ( ft) .  With  this  topology,  H?  (ft)  Is  a  Frechet  space  (cf.  Treves  [28)).  Let  R+ 

loc 

denote  the  positive  real  numbers,  (0,“).  A  simple,  but  pertinent  example  of  the  localized 
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s  + 

Sobolev  spaces  is  H,  <R  ).  Interpreting  the  foregoing  definitions  in  this  special  case 
loc 

g  e  (R+)  if  and  only  if  g  t  Ha(0,T),  for  all  finite  T  >  0.  Moreover,  g  *  g 
loc  n 

in  H®  (R+)  if  and  only  if  g  *  g  in  Ha(0,T),  for  each  T  >  0.  Here  and  below,  the 
loc  n 


1*1  —  I • I  and  | • I  *  t • I 

S  HS(R+)  B'T  H*(0,T) 


abbreviation  Hs(0,T)  has  been  used  for  Ha((0,T)). 

In  the  analysis  of  the  quarter-plane  problem  (1.3),  the  spaces  HB(ft)  will  occur 
often,  with  s  a  positive  integer  and  ft  »  R+  or  ft  -  (0,T).  Because  of  their  frequent 
occurence,  it  is  convenient  to  abbreviate  their  norms.  Thus  let 

(2.2a) 

,T) 

If  s  «  0,  the  subscript  will  be  omitted  altogether.  So 

'•I  -1*1  and  |*|  -  I  *1 Q  .  (2.2b) 

L2(R  )  T  °*T 

Some  special  cases  of  the  Sobolev  embedding  theorems  will  he  used  occasionally  and  are 
worth  recalling  here,  bet  I  be  an  open  Interval  on  the  real  line,  not  necessarily 
bounded.  If  s  >  V2  *  m«  where  m  is  a  non-negative  integer,  then 

(2.3) 

algebraically,  and  continuously  with  respect  to  the  norms  on  these  two  spaces.  (More 
precisely,  an  element  in  Ha(I)  is,  after  possible  modification  on  a  set  of  Lebesgue 
measure  zero,  a  cm-function  on  I,  all  of  whose  derivatives  up  to  order  m  are  uniformly 
continuous  on  I,  and  so  may  be  extended  to  I.)  In  the  special  case  where  I  »  R+  and 

V  1 

3  =»  k,  a  positive  integer,  its  also  useful  to  recall  that  if  f  e  H  (R  ),  then, 
f(x),  f '  (x) ,  •  ••  ,f  ^(x)  ♦  0,  as  x  *  +“’. 


HS(I)  c  c“(I), 


,1 


(2.4) 

An  inequality  that  will  find  use  Is  the  following,  valid  for  f  e  H'(Rt).  According  to 
(2.3),  such  a  function  is  bounded  and  continuous  on  R+ ,  and  furthermore, 

(2.5) 


If  I  <  •/2(»fHf»)1/2. 

Cb(R  ) 


This  Inequality,  which  i3  sharp  in  fact,  follows  from  the  observation  that,  for  any  y  £ 
R+,  and  f  c  h’(R+), 

f2ty)  -  -2/“  f  (x)f '  (x)dx  <  2  { /**f  2 ( x ) dx  •  I” Cf'(x>]2dx)  1/2 


<  2«f «*f ' ». 
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Spaces  will  be  needed  to  describe  the  evolution  in  time  of  the  spatial  structure. 

If  X  is  a  Banach  space,  1  <  p  <  ~,  and  -•  <  a  <  b  <  ",  then  Lp(a,b;X)  denotes  the 
space  of  measurable  functions  u:(a,b)  ♦  X  whose  norms  are  pfctl-power  inferrable  (essen¬ 
tially  bounded,  if  p  «  *•).  These  are  Banach  spaces  in  their  own  right,  with  the  norms 

lu«  *  {/b«u(t)|P  dt}1,/p  ,  for  p  <  *, 

LP(a,b)X)  a 

and 

lul  „  »  essential  suppremumf lu( t) I  )  . 

L  (a ,b| X )  t  r  (a,b) 

00 

The  subspace  of  L  (a, b»X)  of  continuous  and  bounded  functions  u:[a,b]  ♦X  is  denoted 
Cb(a,b;X>.  (In  case  a  and  b  are  both  finite,  the  subscript  b,  for  "bounded",  is 
dropped. ) 

These  spaces  all  possess  localized  versions.  The  only  one  appearing  here  is  the  space 

L  (R  >X)  of  measurable  maps  u:R  +  X  which  are  essentially  bounded  on  any  compact 

loc 

subset  of  R+  . 

Finally,  if  X  is  still  an  arbitrary  Banach  space,  we  may  consider  the  X-valued 

distributions  PMa.bjX)  on  the  Interval  (a,b).  Formally,  O'  (a,b|X)  is  the  set  of 

linear  and  continuous  maps  of  P(a,b)  into  X.  If  T  £  O' <a,b;X) ,  its  distributional 

derivative  is  defined  by 
dT 

^■(*)  .  -T<*'), 

for  c  £  D(a,b).  Thus,  if  ft  Lp(a,b|X),  then  f  may  be  viewed  as  an  X-valued 
distribution  via  the  definition 

f(*>)  -  /bf(t)*(t)dt, 

a 

for  *  r  P( a ,b ) .  The  integral  is,  of  course,  X-valued,  and  converges  since  has  compact 
support.  Thus,  "temporal"  derivatives  of  Lp(a,btX)-functlons  may  always  be  defined,  at 
least  in  the  distributional  3ense.  There  is  a  considerable  theory  pertaining  to  when 
distributional  derivatives  are  in  fact  classically  defined.  Some  of  these  results  will  be 
called  upon  later.  Specific  uses  of  this  theory  will  be  referenced  precisely,  but  the 
reader  may  consult  J18J,  119],  [25]  or  [28]  for  general  commentary  concerning  such  Issues. 


The  foliowing  is  a  special  case  of  the  main  result  of  this  paper.  It  serves 
simultaneously  to  give  orientation  and  define  the  goals  of  the  paper. 

THEOREM.  Consider  the  initial-  and  boundary-value  problem  (1.3)  and  suppose  that  the 
4  +  2  + 

data  f,g  has  f  £  H  (R  )  and  g  £  H,  (R  ).  Suppose  that  f  and  g  satisfy  the 

loc 

compatibility  conditions, 

g(0)  ■  f ( 0 ) 

and 

gt(0)  -  -<fxxx<°>  +  f(0)fx(0)  +  fx(0)>. 

°°  +  4  + 

Then  there  exists  a  unique  solution  u  in  L^c(R  >H  ( R  ))  of  (1.3)  corresponding  to  the 
data  f  and  g. 

Remarks.  By  the  teem  "solution",  we  will  always  mean,  in  the  first  instance,  a 

solution  in  the  sense  of  distributions  on  the  quarter  plane.  The  term  classical  solution 

is  reserved  for  a  function  which  is  continuous  and  continuously  differentiable  the 

requisite  number  of  times,  and  which  satisfies  the  differential  equation  polntwise 

everywhere,  and  the  initial  and  the  boundary  condition  polntwise. 

Note  that  since  g  e  (R+),  g  e  cNo.T),  for  any  T  >  0.  Also,  f  e  H4(R+) 

loc 

implies  f  c  0^(10.  In  consequence,  the  compatibility  conditions  are  both  well-defined. 

The  first  compatibility  condition  simply  expresses  the  continuity  of  the  solution  u  at 

the  origin.  The  second  condition  would  necessarily  hold  for  a  classical  solution. 

The  theorem  above  is  a  part  of  theorem  6.2  below.  There  it  will  also  be  established 

that  if  c  e.  H^<+1IR+)  and  g  e  1(^+\r+),  where  k  is  a  positive  integer,  and  if 

loc 

correspondingly  higher  order  compatibility  conditions  hold,  then  the  solution  u  lies  In 
00  +  3kt1  + 

the  class  L,  (R  jH  (R  )).  In  particular,  if  k  *  2,  it  is  easily  Inferred  that  u 
loc 

is  a  classical  and  global  solution  of  the  quarter-plane  problem  for  the  KdV  equation. 
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3.  THEORY  RELATING  TO  THE  REGULARIZED  PROBLEM. 

In  this  section,  interest  will  be  focused  entirely  on  the  regularised  initial-  and 
boundary- value  problem  (1.5),  repeated  here  for  convenience. 

ut  +  ux  +  uux  +  uxxx  -  euxxt  "  °'  for  x't  *  °'  (3-1a) 

with 


u(x,0)  - 

f(x). 

for  x  >  0,  ^ 

j 

)  (3.1b) 

u(0,t)  » 

g(t). 

for  t  >  0.  j 

For  consistency,  the  restriction. 

u(0.0) 

-  f(0)  -  g(0 > , 

(3.2) 

will  be  Imposed  throughout  the  discussion.  For  the  present,  the  positive  parameter  e 
will  be  treated  as  a  fixed  constant,  in  the  range  (0,1),  say.  Following  the  development 
in  [8] ,  let 

1/2  3/2 

v(x,t)  ■  6u(£  '  (x-t),e  t).  (3.3) 

It  is  immediately  verified  that  u  is  a  smooth  solution  of  (3.1)  if  and  only  if  v  is  a 
smooth  solution  of  the  problem 

v  +  (l+e)v  +  w  -  v  .  «■  0,  in  ft,  (3.4a) 

t  x  x  xxt 


and 


v(x.O)  -  F( x ) , 


for 


0, 


(3.4b) 


v(t,t)  -  G(t),  for  t  >  0.  J 

1/2  3/2 

Here  Q  -  {(x,t)  :  t  >  0  and  x  >  t),  F(x)  ■  €f(e  x),  and  G(t)  •  eg(e  t).  The 

dependence  of  F  and  G  on  e  is  suppressed,  since  e  is  viewed  as  fixed  here.  Of 
course  (3.2)  implies  and  is  implied  by 


F( 0)  -  G(0). 


(3.5) 


The  initial-  and  boundary- value  problem  (3.4)  is  somewhat  peculiar,  owing  to  the  domain  (a 
sector  of  angle  */4)  in  which  it  is  posed  (cf.  Figure  2). 
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Fiyure  2 


The  regularized  problem,  after  the  change  of  variables. 
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tacitly  that  S  and  w  are  bounded.  If  t  >  0,  then  at  x  ■  t 


G(t)  -  F(t)  -  v(t,t)  -  F(  t )  -  w(t,t) 

*  a(t)e  *  +  V2  /*  e  ^  ^S(5,t)d£. 
t 

Hence, 

a(t)  -  et(G(t)  -  F(t)  -V2f  (3.8) 

t 

The  result  of  (3.7)  and  (3.8)  is  that 

v( x , t )  -  F(x)  +  e-lx_t)(G(t)  -  F< t ) ) 


-V2._<x"t)  re',<:-5|S(5,t)d5  +V2r«'lx'5ls(e,t)d5. 

t  t 

Since  £  >  t,  this  simplifies  to 

v(x,t)  -  F(x)  +  e"<X*tJ(G(t)  -  F(t) )  +  r  M(x-t,£-t)S(£,t)d£,  (3.9) 

t 

where 

M(y,z)  -  V2  fexp(-ly-z) )  -  exp( - (y+z) ) ] .  (3.10) 

Replacing  S  by  its  definition  in  terms  of  v,  and  Integrating  once  by  parts,  (3.10)  may 
be  expressed  in  the  form 

v(x,t)  -  F(x)  +  e~<X_t)(G(t)  -  Fit)) 

(3.11) 

+  f°  K(x-t,£-t)  /*  (( 1+e)v(£,s)  +  V2  v2(£,s))dsd£, 
t  0 

where 

K(y,z)  «  V2  (exp(-y-z)  +  sgn(y-z)exp(-|y-z | ) ) .  (3.12) 

— | x— C I 

The  boundary  term  that  appears  in  the  integration  by  parts  vanishes  because  e  “ 

e  *X  when  C  »  t  and  x  *  t.  Notice  that  K(0,C-t)  =  0,  so  that  v(t,t)  •  G(t), 

for  all  t  >  0.  Note  also  that  v(x,0)  ■  F(x),  provided  the  consistency  condition  (3.5) 

holds. 

Equation  (3.11)  is  the  desired  integral  equation.  It  has  been  derived  formally,  and 
thus  far  its  relation  to  solutions  of  (3.4)  is  not  rigorously  established.  Our  object  now 

is  to  make  a  rigorous  connection  between  solutions  of  the  integral  equation  and  solutions 
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of  (3.4),  and  to  show  that  tha  integral  equations  possesses  solutions,  at  least  for  small 


time  intervals. 

Turning  to  the  second  objective  first,  let  T  >  0  and  let  CT  be  the  Banach  space 
of  bounded  continuous  functions  defined  on  the  closure  of  the  set 

fly  «  {(x,t)  :  t  t  (0  ,T)  and  x  >  t). 

CT  is  equipped  with  the  supremum  norm.  Let  A  denote  the  operator  that  maps  a  function 
w  t  CT  into  the  function 

<Aw)(x,t)  -  F(x)  +  e‘<X-t)(G(t)  -  F(t) ) 


(3.13) 

+  r  K(x-t.C-t)  fm+ejwlt,*)  +  V2w2(C,s))dadC, 

t  0 


defined  for  (x,t)  e  fl  .  Because  the  kernel  K  is  integrable,  and  assuming  that  F 
and  G  are  bounded  and  continuous,  it  is  plain  that  Aw  £  also.  Existence  of  a 
solution  of  the  integral  equation  (3.11)  will  be  provided  by  showing  that,  for  T  small 
enough,  A  is  a  contraction  mapping  of  a  ball  centered  at  the  sero  function  in  Cj.  The 
following  estimate  is  the  basis  on  which  this  assertion  is  established. 

Let  u  and  w  be  elements  of  C,y.  Consider  the  difference  of  their  images  under  the 
operator  A, 

Au(x,t)  -  Aw( x,t) 

»  f°  K( x-t , C-t )  fll+e  +  V2  u(5,s)  +  V2  w(  5,s)J  [u(?,s)  -  w(5,e)}dsd5. 
t  0 

For  t  fixed  in  the  interval  (0,T1, 

sup  |Au(x,t)  -  Aw(x,t)|  < 
x>t 

sup  /"*|K(  x-t ,  5-t )  I  dC  •  sup  /t|1  +  E  +V2u(C,s)  +  V2  w(5,s)  I  |u(C,a)  -  w(£,s)|ds. 
x*t  t  C»t  0 


But,  for  x  >  t. 
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Si 


/*|K(x-t,?-t)  Id?  »  V2  /**  l*2t  <X+**  +  sgn(x-?)e  *x  ^|d? 
t  t 

-V2ri-2t'<X+5)  -  eX‘C!a5  +V2r  <,2t-‘*+5>  ♦  eC-x)dC 


.  2(t-x)  c 

t  -  e  <1. 


Hence,  as  0  <  t  <  T, 


sup  |Au(x,t>  -  Aw(  x,  t )  I  <  sup  ]  1+c  +V2u(5,s)  +  V2  w( ?,s) I |u( C,s)-w(  ?,s) Ids 
X>t  ?>t  o 


It  follows  that 


<  T[1+e  +  V2  <«ulc  +  >wl„  )]  lu-wlp  . 

T  T  T 


lAu-Awl-  »  sup  |Au(x,t)  -  Aw(x,t) | 


<  T((1+e>  +V2(*ulc  +  lwlc  )Jlu-wlc  . 

T  T  T 


This  Inequality  Implies  the  desired  result.  Let  8(x,t)  i  0  and  set 

R(T)  -  2«a6I  <  4  IF  I  +  2«Gl 

LT  C.  (»  )  C(0,T) 

D 

Let  B  -  {w  e  C_i  *wl„  <  R(T) }  and  let 
T  T  Qj. 

®(T)  -  T{l+e  +  R(T) ) . 

Then  it  follows  straightforwardly  that,  for  u  and  w  in  B^, 

•Au  -  Awl,-,  <  0(T)lu-wlf>  , 

T  T 

and 

lAu«c  <  Iau  -  A0lc  +  IaIIj 
T  T  T 


(3.14) 


(3.15) 


(3.16) 


<0<T)lu»c  +  V2  R(T) 
T 

<  (©(T)  ♦  y2  )r(t). 


r 


■we-.-*  ft 


Because  of  tha  last  two  inequalities,  A  will  be  a  contraction  mapping  of  B?  if 
©(T)  <  V2  •  Referring  to  (3.16),  one  appreciates  immediately  that,  for  fixed  data  F 
and  G,  this  certainly  holds  for  T  sufficiently  small.  In  fact,  it  is  worth  noting  that, 
essentially  because  of  the  inequality  in  (3. IS),  for  any  M  >  0  we  may  take 

t  -  min{  m,  7[77TTTiFl — 3 — 77151 - J  (3,17) 

cyi*)  c(  o  ,m) 

and  have  ®(T)  <  V2  «  Thus  (3.11)  has  a  solution  in  C^,  for  T  sufficiently  small. 

This  result  is  summarized  formally  in  tha  following. 

PROPOSITION  3.1.  Let  M  >  0,  G  £  C(0,M)  and  F  e  cyi*)  with  F(0)  -  G(0).  Then 
there  exists  a  positive  constant 

T  -  T.  (  iFl  .  iGl  ) 

0  °  Cb(E )  C(0,M) 

such  that  for  any  T‘  with  0  <  T*  <  min{Tg,M),  there  is  a  solution  of  (3.11)  in  CTi* 
Moreover,  for  any  T  £  (0,M),  there  is  at  most  one  solution  of  (3.11)  in  CT« 

Proof.  The  question  of  existence  has  already  been  settled.  Suppose  there  are  two 

distinct  solutions  v  and  w  of  (3.11)  in  CT.  Since  v  and  w  are  continuous,  there 

is  a  t0  «  fO,T)  such  that  v  S  w  on  B  ,  and  on  no  domain  0  is  this  still  true,  if 

t0 

t  >  tg.  Let  U(x,t)  «  v(x,t)  -  w(x,t),  in  5  .  Define 

u 

Uq ( X,t)  -  F(x)  +  e"<X-t)(G(t)  -  F(t) ) 

♦  f  *(«•  t,C-t)  /  0  [( 1+e)U(E,s)  ♦  V2U2(e,s)IdsdC, 
t  0 

for  ( x,t )  £  D  ■  {(x,t)«tQ  <  t  <  T  and  x  *  t).  Plainly  UQ  is  bounded  and  continuous 
on  o.  Then  the  integral  equation 
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u<x,t>  -  U  (x,t>  +  /°K(x-t,«-t>  !*■  [( 1+e)u(?,s)  +  V2u2<?,s>]dsdC 

*  *o 

“  Au(x,t), 

defined  on  0,  has  two  distinct  solutions,  which  we  denote  by  v  and  w  again,  though 
they  are  in  fact  v  and  w  restricted  to  0.  Moreover,  while  these  two  solutions  agree 
at  tQ,  they  do  not  agree  identically  in  any  neighborhood  of  tQ. 

The  existence  argument  presented  above  is  easily  adapted  to  show  that,  for  R  large 
enough  and  for  t^  «  t^(R)  near  enough  to  tg,  A  is  a  contraction  mapping  of  the  ball 
BR  of  radius  R  centered  at  the  zero  function  in  where 

D1  «  {(x,t)  t  t  <  t  <  tj  and  x  >  t). 


But  if 


R  >  max{lvl„  ,  iwl^  }, 
*"T  LT 


then  A  has  two  distinct  fixed  points  v  and  w  in  BR.  This  contradiction  forces  the 
conclusion  v  5  w  on  0^,  and  the  proposition  is  established. 


It  will  be  important  in  subsequent  sections  to  have  smooth  solutions,  up  to  the 
boundaries,  of  the  regularized  problem  (3.1)  at  our  disposal.  This  amounts  to  the  program 
of  relating  solutions  of  the  integral  equation  (3.11)  to  solutions  of  the  transformed 
problem  (3.4).  The  following  result  will  be  sufficient  for  our  later  needs. 

PROPOSITION  3.2.  Suppose  that  F  £  c£(i+ )  and  G  £  C^tO.Tg),  where  k  >  2, 
ra  >  1,  and  k  *  m.  Suppose  also  F<0)  «  G(0).  Let  v  be  a  solution  in  CT  of  the 
integral  equation  (3.11),  where  0  <  T  <  Tg.  Then 

3*3^v  £  C^,  for  0  <  j  <  m  and  0  <  i  <  k+j.  (3.18) 

Moreover,  v  is  a  classical  solution  of  the  transformed  problem  (3.4)  in  Conversely, 

if  v  lies  in  Cj,  and  is  a  classical  solution  of  (3.4)  on  then  v  is  a  solution  of 

the  Integral  equation  (3.11)  over  8^,  and  so  v  satisfies  (3.18). 
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Remark  The  partial  derivatives  in  (3.18)  may  be  defined  at  the  boundary  of  8^  by 
the  obvious  one-sided  differential  quotients.  The  reader  will  appreciate  that  a  function 
v  defined  on  ^  does  not  possess  a  classically  defined  partial  derivative  with  respect 
to  t  at  the  point  (0,0).  In  case  j  >  0  in  (3.18),  the  condition  3*3^v  £  CT  connotes 
that  this  partial  derivative  exists  classically  in  Sy  \  {(0,0)},  Is  bounded  and 
continuous  there,  and  that  it  may  be  extended  continuously  to  Sy. 


Proof.  First  note  that  if  F  e  c£(i+)  and  G  £  where  k  >  m,  then 


v0(x,t)  -  F(x)  +  e“xet(G(t)  -  r(t))  (3.19) 

has  3*3^v„  e  C  ,  for  0  <  i  <  k  and  0  <  j  <  m.  Also,  since  v  e  C_,  then 
X  t  0  T  * 

J(x,t)  -  Jtt<1+e)v(x,s)  +  V2  V2(x,s))ds  (3.20) 

0 

has  Jt  £  CT>  a  short  calculation  using  Leibniz'  rule  confirms  that 

vt(x,t)  -  3fcv0(x,t)  -  X(x-t,0)J(t,t)  +  /*3t[K(x-t,e-t))J(5,t)dC 


Simplifying, 


♦  A(x-t,5-t)J  (C,t)de. 
t 

vt(x,t)  -  3tvQ(x,t)  -  e  <X  fc*J(t,t)  +  f“e2t  *X+^J(C,t)d? 


(3.21) 


+  r  K(x-t,C-t)J  <C,t)d5. 


Thus  vt  «  CT. 


By  dividing  the  range  of  spatial  integration  at  €  m  x,  it  is  readily  seen  that 


vx  £  CT,  and  that 


where 


(x,t)  »  3  v  (x,t)  +  K_(x-t,x-t)J(x,t)  -  X+(x-t,x-t)J(x-t) 


+  /“L(x-t,C-t)J(C,t)d5, 
t 


L(y,z)  »  -  V2  {exp(-(y-z|)  +  exp(-y-z)}. 


(3.22) 


(3.23) 


K  ( x-t ,x-t )  -  lim  K( x-t , C-t ) , 
1 
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(3.24) 


and  £  ♦  x+  means  £  *  x  while  £  ♦  x-  means  £  ♦  x.  Thus  it  appears  that 
vx<x,t)  -  3xvQ(x,t)  +  J(x,t)  +  r  L(x-t,€-t)J(£,t)d£. 

Since  k  >  2,  3  v  may  be  differentiated  with  respect  to  x.  Moreover,  since  v  e  CL, 

XU  XI 

J(x,t)  may  be  differentiated  with  respect  to  x.  And,  the  integral  on  the  right  side  of 
(3.24)  may  be  differentiated  with  respect  to  x.  Performing  the  indicated  differentia¬ 
tions,  we  see  that 

vjQ{(x,t)  -  3xvQ(x,t)  +  Jx(x,t)  *  /~K(x-t,£-t)J<£,t)d£.  (3.25) 

This  representation  shows  plainly  that  e CT.  Formula  (3.25)  may  be  simplified  by  use 

of  the  original  integral  equation.  Thus, 

Vxx(X,t)  “  axV0<X,t)  +  Jx(X't)  +  <w(l,,t>  “  v0<x't" 

-  3  (x,t)  +  v(x,t)  ♦  F  (x>  -  F(x) 

x  xx  \ J • zo j 

-  /^ (( 1+t)vx (x,s)  +  v(x,a)vx(x,s)lds  +  v(x,t)  +  F^lx)  -  F(x). 

It  is  now  clear  that  vxx  is  differentiable  with  respect  to  t,  and  that 
vxxfc(x,t)  -  <1+€)vx<x,t)  +  v(x,t)vx(x,t)  +  vfc(x,t). 

So,  if  k  >  2  and  m  >  1,  any  solution  v  in  of  the  integral  equation  (3.11)  is  a 

classical  solution,  up  to  the  boundary,  of  the  transformed  differential  equation  (3.4a). 

As  already  remarked,  a  continuous  solution  of  (3.11)  has  v(t,t)  =  G(t),  for  0  <  t  <  T, 
and  has  v(x,0)  «  F(x),  for  x  >  0,  provided  the  consistency  condition  F(0)  -  G(0) 
holds. 

Further  regularity  of  a  CT-solution  of  the  integral  equation  may  be  established  by 
similar  arguments.  As  this  issue  is  important  in  our  subsequent  investigation,  a  little 
more  detail  is  warranted. 

First,  if  m  >  2,  then  since  vt  e  Cp,  it  follows  that  every  term  on  the  right-hand 

side  of  (3.21)  is  differentiable  with  respect  to  t.  Moreover,  each  of  these  derivatives 

lies  in  C T,  as  is  easily  verified.  So  vtt  e  Gy.  This  argument  may  now  be  iterated,  with 

the  conclusion  that  S3v  e  C  ,  for  0  S  i  s  m. 

t  T  J 
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A  similar  argument,  based  on  (3.26),  may  be  used  to  show  that  3*v  £  C^,  for 
0  <  i  <  ft.  Specifically, 

3^+2v(x,t)  «  3*v(x,t)  +  3^+2F(x)  -  3*F(x) 


(3.27) 


+  /*  3*41  (<  t+e)v(x,s)  V2  v2(x,s)Jds, 


for  t  ■  0,1, ••*,k-2. 


Since  vfc  £  CT,  it  follows  from  (3.24)  that  vxt  £  CT  and  that 


vxt(x,t)  -  3t*xV0<X,t'  +  Jt*X,t'  +  «  **  t'j(t,t) 


(3.28) 


+  C L(x-t,£-t)Jt(5,t)d?  -  /"e2t-<x+5)J(C,T)dC. 


Finally,  by  using  the  differential  equation,  the  results  already  derived,  and 
induction,  mixed  partial  derivatives  of  the  form  3*  3^v,  where  j  *  1  and  i  *  2,  are 
seen  to  lie  in  Qj,,  provided  that  j  <  m  and  i  <  j . 

If,  on  the  other  hand,  v  is  a  bounded  classical  solution  of  the  differential 
equation  (3.4a)  which  satisfies  the  boundary  conditions  (3.4b),  then  necessarily  F(0)» 

G(0 )  because  v  is  continuous  at  the  origin.  Moreover,  in  this  case,  each  step  of  the 
formal  construction  leading  from  (3.1)  to  (3.4)  la  easily  validated.  In  consequence,  v 
is  seen  to  satisfy  (3.11).  Hence  by  the  argument  just  elucidated,  pertaining  to  solutions 
of  the  integral  aquation  (3.11),  v  satisfies  the  conditions  of  regularity  in  (3.18). 

This  concludes  the  proof  of  the  proposition. 


In  our  subsequent  analysis,  it  will  be  convenient  to  have  at  our  disposal  smooth 
solutions  of  (3.1)  which  are  not  confined  to  R+x(0,T)  where  T  is  small.  This 
corresponds  to  providing  smooth  solutions  of  (3.4)  on  5^, ,  where  T'  is  given.  It  seems 
natural  to  iterate  the  local  result  propounded  in  proposition  1.  This  will  be  effective  as 
soon  as  an  a  priori  bound  on  the  L  -norm  of  a  solution  defined  on  8^  is  provided.  More 
precisely,  suppose  a  classical  solution  v  of  (3.4),  defined  on  8^  for  some  T  >  0,  is 


f 

* 
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I 


I 


* 


t 


in  hand.  And  suppose  the  boundary  data  S  is  defined  at  least  on  (0,Tq),  where  Tg  > 
T.  Consider  a  new  initial-  and  boundary-value  problem. 


(3.29) 


w.  +  ( 1+e)w 

+  ww  -  w  *  0# 

for 

(x,t)  1 

t  X 

X  xxt  * 

t  > 

T  and 

w(x,T) 

"  v(x,T), 

for 

x  >  T, 

w( t,t) 

-  Git), 

for 

t  >  T, 

The  initial  value  of  w  is  the  terminal  value  of  v.  Just  as  for  (3.4),  (3.29)  may  be 
converted  to  an  integral  equation,  which  in  all  aspects  is  similar  to  (3.11).  A  solution 
to  this  integral  equation  may  be  inferred  to  exist  on  some  domain  of  the  form 

{(x,t):  T  <  t  <  T  ♦  At  and  x  >  t). 

Provided  v  and  G  are  smooth  enough,  the  solution  w  of  the  integral  equation  will 
provide  a  classical  solution  of  (3.29).  In  this  manner,  v  is  extended  to  a  solution  of 
(3.4)  on  ^T+aT*  As  in  Proposition  1,  a  lower  bound  for  the  size  of  At  depends  on  the 

OB 

L  -norm  of  the  data  in  (3.29).  Specifically  referring  to  (3.17), 

At  >  min{VT,  2[Ue  +  4>v(  ♦,*)'/  '  T  ~  ♦  2.G.  T 

1  Cb(T,“)  C(T,T0)J 

Suppose  it  was  known  that,  for  the  given  data  F  and  G,  any  solution  v  of  (3.4)  defined 
on  8^,  for  some  T  <  TQ ,  has  the  property  that 

,V,Cb(8T)  <C-C(T0,F,G). 

Then  a  lower  bound  on  At  can  be  imputed,  and  in  consequence,  after  a  finite  number  of 

step3,  the  solution  may  be  extended  to  8  .  This  conclusion  is  worth  stating  formally. 

T0 

PROPOSITION  3.3.  Let  TQ  >  0  be  given,  and  G  e  Cm(0,T0>,  F  f  c£<H+)  with  F(0)  ” 
G( 0 ) ,  where  k  >  2,  m  *  1  and  k  *  m.  Suppose  there  is  a  constant  C,  dependent  on  TQ, 

F  and  G,  such  that  for  any  solution  w  of  (3.4)  defined  on  8^,  where  T  <  Tg, 

'w'cb(8T)  <c-  (3-30) 


'  -  *  .4s> 


Then  there  exists  a  unique  solution  vt  C  to  (3.11),  which  is  also  a  classical  solution 

T0 

of  (3.4)  and  which  satisfies  the  conditions  of  regularity  expressed  in  (3.18).  Moreover, 
v  is  defined  locally  as  the  fixed-point  of  a  contraction  mapping  of  the  type  in  (3.13),  by 
iterating  the  result  of  proposition  3.1  a  finite  number  of  times. 


Provision  of  the  relevant  a  priori  bound  is  now  considered.  To  this  end,  the 
following  technical  lemma  is  useful. 


LEMMA  3.4.  Let  F  £  Cfa(R  )  anti  G  €  Cm(0,T())  with  F(0)  -  G(0),  where  k  >  1, 

>  1  and  k  >  m.  Let  v  be  a  solution  of  (3.4)  in  C  .  Let  0  <  p  <  k  and  suppose 


33F<x)  ■*■0,  as  x  *  +-, 


for  0  <  j  <  p.  Then, 


33  3*v(x,t)  ♦  0, 


as  x  ♦  +">, 


uniformly  for  0  <  t  4  T^,  for  i,j  such  that  0  <  i  <  m  and  0  <  j  <  p+i. 


Proof.  Suppose  it  is  determined  that  v(x,t)  *0  as  x  ♦  +”,  uniformly  for 
0  <  t  <  TQ.  Since  v  is  a  classical  solution  of  (3.4)  on  ,  it  satisfies  the 
integral  equation  (3.11)  on  A  .  Referring  to  formula  (3.21)  for  vfc,  it  is  clear  that 

To 

v^(x,t)  +  0  as  x  ♦  +“,  uniformly  for  0  <  t  <  T^.  If  m  >  1,  then  upon 
differentiating  (3.21)  with  respect  to  t  and  using  the  fact  that  v  and  v^.  tend  to 
0  at  +®,  it  is  straightforwardly  assured  that  v^(x,t)  *  0  as  x  ♦  •,  uniformly  for 
0  <  t  <  Tg.  Continuing  inductively,  it  follows  that 

3*v(x,t)  +0  as  x  ♦  +“, 
for  0  <  i<  m,  uniformly  for  0  4  t  <  T^. 

Next,  by  considering  formula  (3.22),  we  see  that  if  p  >  0,  then  v  (x,t)  *  0  as 


x  ♦  uniformly  for  0  <  t  <  ■  Then  from  <3.28),  v^(x,t>  *  0  as  x  *  *m, 

uniformly  for  0  <  t  <  T  .  From  the  differential  equation  (3.4a),  it  is  seen  that 

v  (x,t)  *  0,  as  x  *  +*,  uniformly  for  0  <  t  <  T_.  Continuing  in  the  pattern  of  the 
xxt  n 

proof  of  proposition  3.2  leads  to  the  conclusion  that  (3.32)  holds. 


The  above  analysis  was  all  predicated  on  the  desired  result  holding  good  for  v 


itself.  The  lemma  will  therefore  be  established  as  soon  as  it  is  confirmed  that  (3.32) 
holds  for  i  ■  j  °  0. 

For  T  >  0,  let  C ^  be  the  closed  subspace  of  C^,  composed  of  those  elements  which 

converge  to  0  at  +*,  uniformly  for  0  <  t  <  T.  If  F(x)  ♦  0,  as  x  *  +**,  then 

operators  of  the  type  exhibited  in  (3.13)  map  Cj  into  itself.  Because  a  solution  v  of 

(3.4)  is  provided  in  C_  ,  the  uniqueness  result  of  proposition  3.1  Implies  that  condition 
l0 

(3.30)  holds.  So  v  is  obtained  locally  as  a  fixed-point  of  a  contraction  mapping  of  the 
form  in  (3.13).  This  fixed-point  may  be  determined  by  iterating  the  operator  on  the  zero 

f  I00 

function  0.  The  sequence  tv  }  „  thus  generated  (v„  «  A0  and  v  . ,  »  Av  ,  foi 

n  n=1  1  n+1  n’ 

n  >  1)  lies  in  and  converges  to  v  in  Qp.  Therefore  v  £  CjJ.  As  a  finite  number 

of  such  steps  are  needed  to  recover  v  on  3  ,  it  follows  that  v  £  .  This  concludes 

T'  T 

0  0 

the  proof  of  the  lemma . 


Attention  is  now  turned  fully  toward  derivation  of  a  priori  information  concerning 
smooth  solutions  of  (3.4)  which  imply  (3.30).  A  bound  that  will  suffice  is  the  subject  of 
the  next  proposition.  The  same  hound  will  also  be  needed  in  section  4.  Because  of  this, 
it  is  especially  convenient  to  derive  the  bound  in  the  context  of  (3.1).  Of  course  the 
reader  will  realize  that  the  theory,  thus  far  developed  for  (3.4),  implies  the  existence  of 
smooth  solutions  of  the  regularized  problem  (3.1),  at  least  locally  in  time.  This  is 
simply  a  matter  of  tracing  the  inverse  of  the  transformation  (3.3)  which  led  from  (3.1)  to 
(3.4).  The  precise  result  is  spelled  out  in  theorem  3.8.  For  now,  it  is  simply  assumed 
that  a  classical  solution  of  (3.1)  is  in  hand. 


PROPOSITION  3.5.  Let  f  £  C^(R+),  g  £  c^(0,T),  where  f ( 0 )  =  g(0),  and  suppose 

b 

0  <  e  <  1.  Let  u  be  a  classical  solution  of  (3.1),  up  to  the  boundary,  on  R+x[0,T). 


Suppose  in  addition  that  f  £  H1(R+).  Then  for  all  t  £  [0 , T)  ,  u(*,t)  e  H '  (R  ) 

Moreover,  there  are  positive  constants  a^  and  a^ , 


1 ,  +  . 


,(,f'  +  e'/2  ,fx,'lql1,1 


and 
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al  “  V,fV,q,1,T’* 


depending  continuously  on  their  arguments,  such  that, 

»u(*,t)l  <  aQ  (3.33) 

and 

»u(*.t)»2  +  Jtlu2(0,s)  +  (u^dJ.s)  -  euxt<0,e))2]ds  <  ay,  (3.34) 

for  0  <  t  <  T  .  These  inequalities  hold  uniformly  for  c  in  (0,1). 

Remark.  While  not  stated  explictly  here  or  later,  the  various  constants  that  appear 
in  the  development  of  our  theory  generally  depend  on  T.  Besides  a  direct  dependence  on 
T,  aQ  and  a.,  also  depend  indirectly  on  T  via  the  H1(0,T)-norm  of  g,  |gl1<T.  The 
reader  will  quickly  perceive  that  aQ  and  a^  may  be  presumed  to  depend  monotonically 
on  T,  for  given  f  and  g.  In  fact,  aQ  and  a,  may  be  assumed  to  depend  monotonically 
on  their  arguments  generally,  but  this  will  not  be  needed  here. 

Before  proving  the  proposition,  the  following  corollary  result  is  stated.  This  is  the 
result  of  central  interest  for  the  present  section. 

COROLLARY  3.6.  Let  F  €  C^(R+)  and  G  £  c’tO.Tg)  with  F(0)  -  G(0).  Suppose  in 
addition  that  F  £  H  *  ( R* )  •  Then  there  exists  a  constant  C,  dependent  on  If^  and  the 
H1(0,TQ)-norm  of  G,  such  that  any  classical  solution  v  of  (3.4)  defined  on  ft^,  for 
T  <  Tq,  satisfies 

,VVt>  *  C* 

m 

Proof.  Let  v  be  a  classical  solution  of  (3.4)  on  ft.  .  for  some  T  <  T. .  The 
'  ■  T  0 

inverse  of  the  change  of  variables  (3.3)  is 

u(x,t)  -  e~1V(c~'/2x  ♦  e‘3/2t,e'3/2t>.  (3.35) 

.1/5 

Then  u  is  a  classical  solution  of  (3.1a)  on  R  "(0,T'),  where  T'  «  c  T,  which 
satisfies  the  auxiliary  conditions  (3.16)  where 

f(x)  -  E'1F(e‘1/2x)  and  g(t)  -  e*1G(e"3/2t).  (3.36) 
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Here  £  >  0  is  fixed,  and  so  f  and  g  satisfy  the  hypotheses  of  proposition  3.5.  Hence 

the  H1(B+)-norm  of  u  is  bounded  on  [0,T'J  by  a  constant  that  depends  on  Ifl^,  and  on 

1  3/2 

the  H  (0,T')-norm  |g|  of  g,  say.  Here,  T*  *  €  t  .  Because  of  the  basic 

U  i o  0 

inequality  (2.1),  it  follows  that  u  is  bounded  on  B+*[0,T')  by  a  constant  C  dependent 

only  on  If*  and  |g|  .  In  particular,  C  does  not  depend  on  T*  for  T'  in  the 

1  1.Tq 

range  (0,Tg]. 

But,  v  is  defined  from  u  via  the  transformation  (3.3).  Hence  the  desired  result 
follows,  and  the  corollary  is  established. 


Proof,  (of  proposition  3.5.)  First  note  that  since  f  e  C^(B+)  n  H1(B+),  f(x),  f*(x), 

f"(x)  ■*  0  as  x  ♦  +“  (cf.  (9]  ).  Let  v  be  defined  from  u  as  in  (3.3).  Then  by  lemma 

3.4,  S^S^vlx.t)  *  0,  as  x  ♦  ♦»,  uniformly  for  0  <  t  <  T,  for  0  <  j  <  1  and 

V  JJ 

0  <  i  <  2+j  .  Because  u  is  recovered  from  v  by  (3.35),  3x3t«(x,t)  ♦  0,  as  x*  +«*, 

uniformly  for  0<  t  <  T,  for  V  and  u  with  U  +  v  <  2.  Thus  u,  ux,  ut,  uxx,  uxt  and 

utt  tend  to  zero  at  +“»  uniformly  for  0<  t  <  T. 

Let  U(x,t)  *  g(t)e~x  and  w  »  u  -  U  .  There  is  a  constant  c*  such  that,  for 
0  <  t  <  T, 


'UC,t)«  <  |g(t>|  <  cjg|  . 


So  to  prove  (3.33),  it  is  enough  to  establish  a  similar  estimate  for  w.  Now 
the  initial-  and  boundary-value  problem 

w^  +  w  +  ww  +  w  -£w  «  -  (wU)  ,  in  E+*I0,T), 

t  X  X  XXX  xxt  X 

where  V>  -  -(U  +  U+  UU+U  -EU  ),  and 

t  X  X  XXX  xxt 

w(x,0)  -  f(x)  -  g(0)e  x,  for  x  £  B+, 


w  satisfies 


(3.37) 


(3.38) 


Multiply  (3.37)  by 


2w 


w( 0 , t )  »  0,  for  t  e [0,T] . 

and  integrate  the  resulting  expression  over  (0,M)x(0,t). 


There 


appears,  after  integrations  by  parts,  and  using  the  auxiliary  conditions  (3.38) 


(3.39) 


Ft w2(x,t)  +  ew2(x,t))dx  +  /tw2(0,a)d8  ■  /M(w2(x,0)  +  £w2(x,0)]dx 
0  X  0  X  0  X 


+  Ft-v2(M,B)-  f  w3(M,s)-2w(M,s)w  <M,B)-tw2(M,a)+2Ew(M,s)w  (M,s) 

^  3  XX  X  Xt 


-  w2(M,s)U(M,s)]  ds  +  2  F  F  V>(x,s)w(x,s)dxds  -  0  (x,s)w2(x,a)dxds. 


0  0 

Because  U(x,t)  =  g(t)e_x,  it  follows  that 

lu<  ,  <U  I 

Cb(R+x[0,T))  X  Cb(R+*(0,T)) 


0  0 


‘  ,9'C(0,T)  4  C*I<J|1.T‘ 


And  similarly,  since  e  <  1, 

M*,t)«  <  2 1  g'  ( t )  |  +  2|  g(t)  |  +  g2(t), 

so  that 

F  F <fi  2(x,s)dxds  <  C  (|gl  ), 

_+  00 
for  all  (M,t)  t  R  x [0 ,T) .  If 

W  <t)  -  F  (w2(x,t)  +  Ew2(x,t)ldx, 

M  0 

and  if  hM  denotes  the  supreinum,  over  (0,T),  of  the  second  integral  on  the  right-hand  side 
of  (3.39),  then  the  inequality, 

wM<t)  <  wM<0)  ♦  hM  ♦  c,(|9| ,  T)  ♦  cJgl1fT  F  V»>d“' 

emerges.  Gronwall's  lemma  implies 

C*tl9l1  T 

WM(t)  *  [V0)  +  hM  +  C1(l9,1,T)le 

for  0  <  t  <  T.  Reference  to  (3.38)  will  convince  the  reader  that  w(*,0)  e  HO  ).  So 

WM(0)  is  bounded,  as  M  ♦  +“.  In  fact, 

W  (0)  +  r  (w2(  x,0)  +  ew2(x,0))dx  =  W(0), 

0  x 

as  M  ♦  +®.  S.nce  u  and  ux  tend  to  zero  as  x  ♦  +“,  uniformly  for  0  <  t  <  T,  so  also 

do  w  and  w  .  It  follows  that  h  ♦  0  as  M  ♦  +*.  Hence, 
x  M 


Urn  W  ( t )  <  IW( 0)  +  C  (  ( g(  Me 
K~  M  1  1,T 


°*T|gl1,T 


.1 


for  all  t  •  (0,T).  Thus  for  each  t  t  [0,T) ,  w( *,t)  £  H  (R  ),  and 

Iwl  <  C2(lfl  ♦  tV2  lfx«,|gl1/r). 
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■  v<v- 


t 

* 


for  any  e  in  (0,11.  This  is  the  desired  bound  on  the  l/(B  )-norm  of  w,  and  so  (3.33)  is 
shown  to  be  valid. 

Now  multiply  the  regularised  equation  (3.1a)  by  the  combination  2euxt  -  2uxx  -  u2 
and  Integrate  the  resulting  relation  over  R+*(0,t).  After  integrations  by  parts,  in  which 
the  fact  that  u  and  various  of  its  derivatives  vanish  at  +**  is  used  repeatedly,  it  is 
verified  that 

( 1  +  t)/V(x,t)dx  ♦  /t[u2(0,s)  +  H2(s))ds  -  (1tc)/“f2(x)dx  -  i  r f3(x)dx 
0  0  *  0  x  30 


(3.40) 


4  /"u3(x,t)dx  ♦  /tI-Tg3(s)  *  tg2(s)]da  -  2  f g  (s)u  (0,s)ds, 

J  A  A  J  ^  A  *  X 


H(  8 )  -  U  (0,8)  -  €u  (0,8)  !•>« 


Elementary  inequalities.  Including  (2.5),  show  that, 

f“ u3(x,t)dx  <  lu(  *,t)  «2lu(  *,t)  •  <  ^2  luC,t)l5/2lu  (*,t)l 

0  Cb<*  ) 


<  V2  luxC,t)l2  +  luc,t)l10/3. 

Putting  together  (3.40),  the  last  observation,  end  the  already  established  (3.33)  yields, 

lu  C,t)l2  +  J1  (u2(0,s)  +  H2(s)Jds  <  2a’°/3  +  2(1+e)lf  I2 
x  Q  x  o  x 


-  |  /Vtxldx  +  2  /*(-  4  93<»>  +  <1+E)g2(s))ds, 

0  0 

where  aQ  is  the  constant  on  the  right  of  (3.33).  Inequality  (3.34)  now  follows,  and  the 
proposition  is  proved. 


A  theorem  of  global  existence  of  solutions  of  (3.1)  and  (3.4)  is  now  in  view,  its 
statement  is  postponed  until  after  examination  of  one  other  aspect,  of  importance  in  the 
analysis  in  sections  4  and  5.  This  aspect  is  embodied  in  the  next  proposition. 


\ 


PROPOSITION  3.7.  Let  F  £  cNi+)  n  Hk(**>  and  G  £  Cm(0,T),  with  F(0)  -  G(0), 

D 

k  >  3,  n  >  1  and  k  >  m.  Let  v  be  the  solution  of  (3.4)  defined  in  CT.  Then  there 
exists  a  constant  C  such  that,  for  each  t  £  (0,TJ, 


l3*3*vC,t)l  <  C, 

L  (It,-)) 


provided  that  0  <  j  <  n  and  0  <  i  <  k+j. 


Proof.  Throughout  the  demonstration,  C  will  denote  various  constants,  which  are 
independent  of  t  in  f 0,T] .  It  will  be  convenient  to  Introduce  another  condition, 
denoted  (*)j,  which,  for  a  function  w  defined  on  amounts  to  the  requirement  that 

w(*,t)  £  H  ((t,*))  for  t  £  [0,TJ,  and  that 


•w< *,t) I 


H  ((t,“)) 


independently  of  t  in  [0,T], 

According  to  (3.33)  and  (3.34)  in  lemma  3.5,  (*),  holds  for  v  itself.  Thus  v 

and  vx  satisfy  (*).  For  one-dimensional  domains,  H1  is  an  algebra,  so  that  products 
of  H1  functions  are  again  in  H1.  Thus  (1+e)v  ♦  v2  satisfies  (*)j.  Hence  if,  as 


before. 


J(x,t)  »  /l[(  1+C)v<x,s)  +  V2  v2(x,s)Jds, 
0 


then  J  satisfies  (*)j.  So  J  and  satisfy  (*)j.  It  then  follows  from  formula 
(3.21)  that  v^  satisfies  ( * ) .,  as  well.  This  observation  may  be  used  Inductively  to 
show  that  3^v  satisfies  (*),,  for  0  <  i  <  ra. 


I 


*  -  »— yr>  #'1  *■  - 


Turning  now  to  spatial  derivatives,  since  k  >  1  formula  (3.24)  shows  that  vx 
satisfies  (*).j.  This  means  in  particular  that  <?x  satisfies  (*)j.  Since  k  >  2, 
then  Fxx  £  H1(B+),  so,  by  reference  to  (3.26),  one  sees  that  vxx  satisfies  (*)j. 
Proceeding  inductively,  and  using  (3.27),  it  follows  that  3^v  satisfies  (*)j  if 
J  <  k-1,  and  so  3%  satisfies  (*). 

From  (3.28),  v^  is  observed  to  satisfy  (*)(.  The  differential  equation  (3.4a) 
shows  that  vxxt  satisfies  (*)|.  Using  the  differential  equation,  the  results  already  in 
hand,  and  induction,  mixed  partial  derivatives  of  the  form  3*  3^v  ,  where  J  >  1  and 
i  >  2,  are  seen  to  satisfy  <*>i  when  j  <  m  and  i  <  k+j-1.  Hence  3*3^v  satisfies 
(*)  provided  that  0  <  j  <  m  and  0  <  i  <  te+J.  The  desired  results  are  now  all 
established. 

It  is  worth  summarising  the  accomplishments  of  the  present  section.  As  the 
transformed  problem  (3.4)  la  only  of  transient  interest,  the  theory  is  recapitulated  in 
terms  of  the  regularised  problem  (3.1).  Thus  the  results  stated  now  are  consequences  of 
the  established  propositions  and  the  transformation  <3.35)  taking  (3.4)  to  (3.1). 

1c 

THEOREM  3.8.  Let  E  >  0  and  T  >  0  be  given.  Suppose  f  e  Cb(»  )  and  g  « 

c“(0,T)  with  f (0)  ■  g(0),  k  >  3,  m  >  1,  and  k  >  m.  Then  there  exists  T0  >  0  and  a 

unique  function  u  in  Cb(i+*(0,Tg] )  which  is  a  classical  solution  of  the  initial-  and 
boundary-value  problem  (3.1)  corresponding  to  the  given  f  and  g.  Additionally, 

3*3*u  £  Cb(i+x(0,T)  ),  (3.41) 

for  i  and  J  such  that  0  <  j  <  m,  0  <  i  <  k,  and  i+j  <  k.  Moreover,  if  f  e 

Hr(B+),  where  r  >  1,  then  u  may  be  extended  to  a  solution  of  (3.1)  on  H+x[0,T).  In 

that  case,  there  is  a  constant  C  such  that,  for  0  <  t  <  T, 

1  3x  3t a<  *,t> '  *  C' 

for  i  and  j  such  that  0  <  1  *  min(r,m),  0  <  i  <  t,  and  i+j  <  r. 
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As  a  corollary  to  this  theorem,  ths  following  result  emerges.  It  la  this  corollary 
which  will  find  sxpllclt  uss  In  ths  upcoming  sections. 

COROLLARY  3.9.  Lat  E  >  0  ba  given.  Lat  f  e  H*\»+)  and  g  e  c"<«+),  with  f(0)  « 
g( 0 ) •  Than  there  exists  a  unique  solution  u  of  (3.1),  defined  on  the  quarter-plane 
E+*R+  which  is  bounded  on  finite  time  intervals  and  which  corresponds  to  the  data  f 

•  -+  *4 

and  g.  Noreovar,  u  e  C  (E  *R  )  and,  for  each  k  >  0, 

3x3tU  £  (3.42) 

for  all  i,j  >  0. 

Proof.  The  existence  of  global  solutions  follows  immediately  from  the  theorem  and  the 
uniqueness  result.  Also,  for  any  i,j  *  0,  k  >  0,  and  T  >  0,  w  «  3*3^u  is  bounded 
uniformly  In  Hk  ( E+ ) ,  for  0  <  t  <  T. 

It  remains  only  to  check  that  the  mapping  t  ♦  w(*,t)  is  continuous,  from  [0,T) 
to  Hk(E+).  But,  in  fact,  u  t  t'"<0,T»Hk(*+))  and  ut£  L"'(0,T|Hk(*+) ) .  It  follows 
immediately  (cf.  [19))  that  u  c  C(0,T»Hk(E+) ) .  The  corollary  is  now  verified. 


•  f 
>  I 
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4.  ESTIMATES  IN  H3(R+)  EOF  THE  REGULARIZED  PROBLEM 

The  purpose  of  this  and  the  next  section  is  to  derive  a  priori  bounds,  which  do  not 

depend  on  £,  for  solutions  of  the  regularized  Initial-  and  boundary-value  problem, 

ut  ♦  u  ♦  uu  ♦  u  -  Cu  _  ”  0,  in  R+*(0,T]  ,  (4.1a) 

t  x  x  xxx  xxt 


u(x,0)  -  f(x). 


u(0,t)  -  g(t). 


for  x  £  R+, 


for  t  £  [0,T]. 


(4.1b) 


Here,  T  is  a  fixed  positive  real  number,  and  the  aspired-for  bounds  will  hold 
Independently  of  t  in  (0,T). 

»+  00 

Throughout  this  section  it  will  be  assumed  that  f  £  H  (R  ),  g  £  H  (0,T),  and  f(0) 
-  g(0).  In  consequence  of  corollary  3.9,  for  any  £  in  (0,1],  there  is  a  classical 
solution  u  *■  u£  of  (4.1)  which  is  such  that 


and,  for  integers  j,k  >  0, 


u  £  C  (R  *10, T) ), 


33u  «  C(0,T»Hk(R+)). 


Some  preliminary  relations,  established  via  energy  arguments,  will  be  derived  in  a  sequence 
of  technical  lemmas.  These  prefatory  results  will  be  combined  to  obtain  £-independent 
bounds  for  u  within  the  function  class  C(0,T;H3(R+) )  and  for  ut  within  the  function 
class  C( 0 ,T jH^ ( R+) ) . 

As  a  start  on  this  program,  recall  that  from  proposition  3.5,  there  is  a  constant 
a  1 ,  depending  only  on  Ifl^  ®nd  lg|.j  such  that,  independently  of  £  in  (0,1], 
lu(*,t)l*  +  j^lu^fO.s)  +  <uxjt<0,s)  -  Eu^lOjS)  )2]ds  <  a1#  (4.2) 


for  all  t  in  [0,T].  So,  from  (2.5)  it  follows  that 


C,(  R  * (0 ,T] )  0<t<T 

D 


and,  because  of  the  differential  equation  (4«1a), 


<  2  sup  { lux<  *,t) I lu( • ,t )  • }  <  a  , 


I 


^(u  <0,»)  -  Cu  <0,s))2ds  -  ^(g.  (a)  +  u  < 0 , s >  +  g(s)u  (0,s))2 


t  x 


<  o  -  T), 


for  all  t  in  [0,TJ. 


If  u  is  the  solution  of  (4.1)  and  t  t  [0,T],  define 


A  (t)  -  sup  {lu(*,s)l,  +  elu  C.s)!2} 
0<s<t 


♦  /*  lu2  (0,s)  +  u2  <0,s)  +  u2  (0,s)  +  e2u2.(0,s)  +  tu2  .(0,s)]ds, 
'  XXXX  XXX  XX  xt  xxt 


B2 ( t)  -  sup  <u  (*,s)l?  +  f*  u2  (0,s)ds. 
0<8<t  0  Xt 


It  will  be  shown  that  A(t)  and  B(t)  are  hounded  on  [0,T],  independently  of  e  snail 
enough.  The  first  step  in  obtaining  this  result  is  the  following  H2(Kf) -estimate. 


LEMMA  4.1.  tet  T  >  0,  f  €  H  (R  ) ,  g  €  K  (0,T),  with  f(0)  -  g(0>.  There  exist 


positive  constants  e  ,  a2  and  c1#  where 


£1  “  V,fV»'l,*>*  *2  “  Vf,2  +  eiV2,fxxx''^'l.T>' 


°1  “  c1<ie,l'l»l1,T>' 

such  that  the  solution  u  of  (4.1)  corresponding  to  the  data  f  and  g  satisfies 


•uC,t)l2  +  tuxxx< °»»>  +  uxX<°'B>  +  e2u2  (0,s))ds 
0 


*  «2  +  O,6  A2(s)B(s)ds  -  ^  /*  uxx(0,s)uxt(0,s)ds. 


provided  that  t  €  [0,Tl  and  t  €  (0,e^]. 
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RemarV.  The  presence  of  the  last  term  on  the  right-hand  side  of  the  above  inequality 


means  that  this  estimate  is  not  directly  effective  in  bounding  lu(*,t)l2,  independently 
of  e. 


Proof .  For  each  t  in  [0,T)f  define  V(t)  as 

rq  2  2  14  9  2 

I (—  '  3£u)u  -  3uu  +  TU  ♦  )dx. 

5  xx  x  4  5  xxx 

3  2 

Multiply  (4.1a)  by  u  -  3ux»  differentiate  (4.1a)  once  with  respect  to  x  and  multiply 
18 

the  result  by  "®uux  “  ~  uxxx»  a<M  the  two  equations  thus  obtained,  and  integrate  their 
sum  over  R+*(0,t).  After  several  integrations  by  parts,  there  appears, 

V(t)  -  V(  0 )  +  |  j^Iu2  (O.s)  +  u2  ( 0 ,  s ) )  ds 
5  '  xxx  xx 


■  /t[^g4(s)  +  -^g5(s)  -  3g(s)u2(0,s)  +  g3(s)uxx(0,s)  -  |g2(s)u2(0,s) 
-6g(s)u  (0,s)u  (0,s)  +  |g(s)u2  (0,s)  -  |u2 ( 0, s)u  < 0 , s ) 

:  XXX  D  XX  D  X  XX 

-  ^>xx(0,B)uxt(0,s))ds 

+  e  (6g.  ( a )u  (0,s)u  ( 0 , s )  +  6g(s)u  (0,s)u  .(0,s)  -  3u2(0,s)u  (0,s) 

$  t  x  xx  x  xxt  x  xt 

-  g3(s)u  (0,s))ds  ♦  t  f  f  [3u2  u.  +  fiu.u  u  -  3u2u  u  Jdxds. 
xt  1  '  xx  t  t  x  xxx  x  xt 

0  0 


(4.5) 


Because  of  the  relation  (4.2),  the  first  seven  boundary  terms  on  the  right-hand  side  of 
(4.5)  can  be  bounded  in  terms  of  the  data  f  and  g  and  a  suitable  small  multiple  of  the 
two  boundary  Integrals  on  the  left-hand  side  of  (4.5).  Using  (2.5)  and  (4.2),  it  follows 
that  for  any  5  >  0, 
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fcj 


1* 


1 

* 


The  estimate  (4.2)  also  Implies  that 


e2  fu2  <0,s)ds  <  2(  /* (u  (0,s)  -  eu  (0,s))2d8  +  /V  (0. aids) 
o  o  0 


4  2a,  +  2  ^u2  (0,s)ds. 
1  1  xx 


As  a  consequence,  bounds  similar  to  that  in  (4.6)  obtain  for  the  terms 

e  /tu2(0,8)uxt(0,s)d8  and  e  /tq3(s)uxt(0,s)d8. 
0  0 


Making  use  of  (4.4),  the  term. 


e  /Sfslu^O.sJu^lO.slds, 


may  be  bounded  In  the  same  way. 

Still  relying  on  (4.2)  and  (4.3),  the  term 


-3  /**uu2dx  <  3<ul 

0  *  Cjj(R  x(0,tj  )  0 


_  ,  u  dx 

x  _  ,-+ _ . ,  v  '  X 


/V' 


<  3  a3/2. 
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Hence 


f  (j  -  36u)u^dx  <  V(t)  +  3a2/2. 

0 

1/_  _  + 

But,  by  (4.3),  |u|  doe*  not  exceed  the  value  a^  2  on  It  *(0,T].  Consequently,  if 

et  -  (258^*  1/2  ,  then  for  0  <  e  <  e  , 

J  /"u^dx  4  V(t)  +  3a2/2, 

0 

for  all  t  in  [0,T]. 

Therefore,  if  (4.5)  and  a  suitable  multiple  of  (4.2)  are  summed,  and  use  is  made  of 
the  above  estimates,  then  for  t  in  (0,T]  and  e  in  (0,e^], 

■  uC,t)l2  +  +  UxX(0'S)  +  e2u2t(0,s)]ds 


18  ft 

-  T  !  U 

0 


<0,e)u  (0,s)ds  +  e 

XX  xt 


rn 

0  0 


3u2  u  + 
XX  t 


6u  u 

X  XXX  t 


3u2u  u  jdxds. 
x  xt 


Here,  the  constant  a2  stems  from  V(0)  and  from  the  various  combinations  of  a^  that 
appear  in  the  foregoing  estimates.  The  desired  result  now  follows  from  the  last  relation, 
(4.2),  and  the  definitions  of  A(t)  and  B(t). 


2  ♦ 

The  estimate  of  the  H‘(R  )-norm  of  the  solution  u  of  (4.1)  given  in  lemma  4.1  will 
be  used  in  determining  the  following  bound  for  A(t). 

«  +  « 

LEMMA  4.2.  Let  T  >  0,  f  f  H  (R  ) ,  g  i  H  <0,T),  with  f ( 0 )  »  g(0).  There  exist 
positive  constants  a^  and  c2  »  where 

a3  -  a3(lfl3  -  e^2  'fxxxxMgl2>T)  «nd  -  «a<  I«l  ,#T>. 

such  that  the  solution  of  (4.1)  corresponding  to  f  and  g  satisfies 

A2(t)  -  cc  (A3(t)  +  e(  1+A2 (t ) )B2 (t )]  <  a  +  e1/zc  /tA2(s)B(s)ds, 

3  0 

for  all  t  in  (0,TJ  and  c  in  (0,e^J. 

Remark.  The  appearing  in  the  above  statement  is  that  derived  already  in  lemma 

4.1. 
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Proof .  As  in  the  proof  of  the  last  lemma ,  the  desired  result  will  be  obtained  from  a 
technical  "energy"  argument.  In  the  proof,  various  constants  dependent  on  aspects  of  the 


4* 


data  f  and  g  will  appear.  These  will  generally  be  denoted  simply  by  c,  and  this 
symbol's  occurence  in  different  formulae  is  not  taken  to  connote  the  same  constant. 
Define,  for  each  t  in  [0,T1, 


w(t>  -  u2  +  u2  > 

.  35  xxxx  xxx 

0 


36,  ,2 

—  (u  -  eu  >u 
5  xx  xx 


2  2  15  ,4  36.  2 

6(u  +  eu  )  -  ru  -  3Eu  -  r— «uu  ]dx. 

x  xx  5  x  5  xxx 


Multiply  (4.1a)  by  12uu2  -  ^u2^  “  u4,  differentiate  (4.1a)  once  with  respect  to  x  and 

multiply  this  by  12u2ux,  differentiate  (4.1a)  twice  with  respect  to  x  and  multiply  this 
216  72 

by  -  u  -  -r— uu  ,  add  the  three  resulting  equations  and  integrate  their  Bum  over 

3  w  XXXX  j  XX 

*+*(0,t).  After  many  integrations  by  parts  with  respect  to  the  spatial  variable  x,  there 
appears , 

«(t)  -  W(0)  *  ir  +  Uxxx<0'S>)dS 

“  /*[■  i^g(s)u2  (0,s)  +  6g2(s)u2(0,s>  -  •jrg5(a)  -  rg6(s) 

Q  J  XX  X  3  O 

-  g4(s)(u  (0,s)  -  eu  (0,s))  +  8g^( s)u2( 0,s)  +  12g2(s)u  (0,s)(u  (0,s) 

XX  Xt  X  X  xxx 


-  euxxt(0,a))  -12g(s)u2(0,s) (uxx<0,s) )  -  euxt(0,s))  +  3u4(0,s) 

66  2  2  72 

-  T*  (9)uxx(0'9)  +  s"V0'8)uxx<0'8)(uxxx((>'S>  -  Euxxt(0'8)) 


72  144 

ruxt0'8)uxxx(0'8)(uxx(0'8)  '  £uxt(0'8>>  -  3rV°'9)uxxl0'8)Uxxx(0'8)  (4-7) 


144  ,  .  2  .  12  ,  ,  , .  ,  .  36  3  . 

+  «®.s)  -  ?^<8)uxx<0'8)uxxxx<0'8>  -  Is^xx*0'9' 


35  xxx 
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mm 


1 


216  72 

35_,1xxx(0'8hlxxt(0'8)  +  5^g(8)uxx(0'8)uxxxt(0'8)!d8 


+  e  /*  [4 u3u  u  +  24uu  u  u  .  +  —u  u  u  . 

•  1  X  Xt  X  XX  Xt  5  XX  XXX  xt 

0  0 


72  ^  2  36  2  . 

+  r~u  u  u  .  +  12uu,u  -  u  u  idxds. 
5  x  xxxx  xt  t  xx  5  t  xxx 


First  note  that,  because  of  (4.2),  there  is  a  positive  constant  c,  depending  on 
•  fl1  and  Igl^T*  so  that 


5T(  ,Uxxx(*'t>|2  +  eSxxx<*'t,,2)  -  F£A3(t>  *  W(t)  +  C' 


for  all  t  in  (0,T)  .  Also,  in  consequence  of  (2.1)  and  (4.2),  there  is  another  constant 
c,  depending  again  on  If  I  and  Igl^  such  that,  for  any  5  >  0, 

•  u  I2  <  2{  sup  (*u  C,s)Hu  (*,s)l)} 

X  C.  (B  x(0.tl)  0<s<t  X  XX 

D 


<  cS  1  +  5{  sup  lu  ( »,s) «2>. 
0<s<t  xx 


By  an  analogous  argument. 


•u  •  <  ci  ^  +  <5{  sup  *u  (* ,a)l 2}.  (4.9) 

XX  C.  (i+x[Q,t))  0<9<t  xxx 

D 

Taken  together  with  (4.2),  these  estimates  imply  that  there  is  a  constant  c,  depending  on 
and  |g|^  such  that  for  all  5  >  0, 

f1  u  ( 0 , s)u  ( 0 , s)u  (0,s)ds  <  *u  *  [  jrtu^( 0 , s )ds  /tu^  (0,s)ds]  ^ 

0  X  XX  XXX  XX  C.(R  >»t0  ,tj  )  0  X  0 

D 


4  c  (5  ^  +  F~ u^  <0,s)ds]  +  5{  sup  lu  (  *,s)  I2). 


(4.10) 


By  adding  (4.7)  and  a  suitable  positive  multiple  a  »  a(  sup  lu( •,»)!)  of  the  inequality 

n<s<t 

stated  in  lemma  4.1,  and  using  (4.2)  and  (4.3),  bounds  similar  to  those  exhibited  in  (4.10) 
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may  b«  shown  to  hold  for  all  the  boundary  terma  on  the  right-hand  aide  of  (4.7)  except  for 
the  last  three.  Choosing  4  appropriately,  it  may  thus  be  inferred  that,  for  all  e  in 
(O.e^),  and  for  all  t  in  [0,Tl , 

3[A2(t)  -  €  /Vxt<0,s)ds]  - 


<  a,  +  c,e  ■'*  /tA2(a)B(s)ds  -  _ (O.sJu^fO.a) 


35  xxx ' 


xxt 


(4.11) 


~egla)a  (0,s)u  . (0,s)  +  (0,a)u_  (0,s)lds. 

5  xx  xxxt  5  xx  xt 


Here  a3  “  a3<lf,3  +  £1  2  ^xxxx*' *9*2,T*  and  C2  “  C2“f 'l' 1 91 1,T>  * 

To  complete  the  proof  of  the  lemma,  it  suffices  to  control  suitably  the  boundary  terma 

appearing  on  the  right  side  of  inequality  (4.11).  To  this  end,  observe  first  that  (4.2) 
and  (4.9)  imply 


fuf<0'8)ds  *  ,uvv'2  _  flu  (0,s)|da 

0  C.  (ft  *[0,t]  )  0 

D 

<  »u  I2  f (l«  <0,S)  -  Eu  (0,1)1  +  e|u  (0,8>|)ds 

C.(R  *(0,t])  0  17 

D 

<  c(4-3  +  «A2(t))(1  ♦  e2s2(t)), 

for  any  4  >  0,  where  the  constant  c  depends  on  *fl  ,  Igl^  y  and  Next  note  that 

equation  (4.1a)  implies 


xxx 


(0,s)u 


xxt 


(0 ,  a)  da 


"  flgt<»)  +  ux(0,s)  +  g(s)ux(0,s)  -  Euxxt(0,a))u  (0,s)da. 
0 

Integration  by  parts  in  the  temporal  variable  yields 
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I 


A 

Mi 


s)  +  ux<0,b)  +  g(s)ux(0,8)iuxxt<0,a)d8 

0 


'.  <?£  ( s )  +  ux(0,s)  +  g(s)ux(0,s)luxx(0,8)  ls-0 


-  j^Ig..  (s)  +  u  (0,a)  +  g  (s)u  <0,s)  +  g(s)u  (0,s))u  (0,s)ds. 

_  tt  Xt  t  X  Xt  XX 

o 


From  (4.1a)  it  also  follows  that 

u  (0,s)  -  eu  .(0,8)  -  (u  (0,s)  ♦  u2(0,s)  +  g(a)u  (0,s)  +  u  (0,s)].  (4.13) 

Xt  XXXt  XX  X  XX  xxxx 

Hence,  due  to  (4.8)  and  (4.9),  for  any  S  >  0  there  is  a  constant  Cg,  depending  on 
5,  lf<1  and  |g|2  T,  such  that 


-  fu*x*<o's)uxx  t‘°'a)ds  4  c«  - e 


+  6(A2(t)  +  /V  (0,s) ds ]  -  e  fd+gunu  (0,B)U  <0,B)ds. 

.  XXXX  —  XX  XXXu 

o  o 


Similarly,  it  follows  from  (4.8),  (4.9)  and  (4.13)  that,  ft  ■:  any  5  >  0, 
-fu  (0,s)u  ( 0 , s ) ds  <  c.  +  4[A2(t)  +  /V  (0,s)ds] 

'  XX  xt  0  „  xxxx 

0  0 


-  e  f  uxx(0,s)uxxxt(0,s)ds. 


where  the  constant  Cg  depends  on  i,  ■  f  ■  ^  and  I g 1 3 , T*  Combir>in9  (4.15)  with  (4.11), 
(4.12)  and  (4.14),  and  choosing  6  in  a  perspicuous  way,  there  appears. 


(4.15) 


2A2lt)  -  ec2(A3(t)  +  e(l  +  A2(t))B2(t)l  <83+  e/z  c2  J* 


/2  c,  ftA2(s)B(s)d8 


„  ft, ,18  216.  288  .  ,,  .. 

-  e  [  [{r«  +  IT’  •  35-^(S,1Uxx<0'8)Uxxtl!,'8)dS' 


holding  for  all  e  in  (0,6^)  and  t  in  [0,T].  Here, 


*3  "  a3<,f'3  +  eiV2  ,f**xx,',»l2.T>  #nd  °2  "  °2l,fl1»l«l1f*>* 

To  estimate  the  boundary  terms  on  the  right-hand  side  of  (4.16),  use  (4.9)  again  to  deduce 
that,  corresponding  to  any  4  >  0  there  is  another  constant  Cj,  dependent  on 
4,  Ifl^  and  |gl1jT,  such  that 


-e  f  +  fr5  -  §^(a»%*l0'a>‘W‘0'a>'la 


<  d-’aiSo  +  |Ii)  +  ||2.»gl^/ft  jV.(0,s)ds  +  4e2  /tu^xxt< 0,s)ds  (4.17) 


'5  35  '  35  ’  C( 0,T)  '  xx 


<  cfi  +  4A2(t)  +  4e2/tu2xxt(0,s)ds. 


So,  the  only  term  still  presenting  difficulty  is  the  final  one  in  (4.17).  To  estimate 
this  quantity,  differentiate  the  regularized  equation  (4.1a)  twice  with  respect  to  x, 
multiply  the  result  by  2euxxxt  *nd  integrate  over  R+*(0,t).  The  effect  of  these 
operations  is  to  produce  the  relation. 


e(lu  (*,t)l2  “  *u _ (*,t)l2)  +  e2/*^2 _ (0,s)ds 


xxxt 


(If  I2  -  If  I2)  +  e/* u2  <0,s)d 

WWW  wwww  JCXt 


XXX  xxxx 


<4.18) 


+  2 c/* u  (0,s)u  (0,s)ds  -  2 ef*  /*(uu  )  u  dxds 

xxxx  xxxt  " 


0  0 


X  XX  xxxt 


The  last  integral  on  the  right-hand  side  of  (4. IS)  seems  somewhat  awkward.  However,  after 
integration  by  parts. 
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! 


*  | 
>1 


1 

Ms 

* 


I*  J  ( uu  )  u  dxds  »  /*  j  (3u  u  +  uu  )u 
x  xx  xxxt 


x  xx  xxx  xxxt 


/* (V 2u(x,s)u2 _ (x,s)  -  u3  (x,s)]dx|8  Jj 


+  3/*u  <0,b)[u  (0,s)u  .(0,s)  -  u  (0,s)u  .(0,s)]ds 

'  x  xxx  xt  xx  xxt 


+  /*■/**(  3u  u  u  .  +  3u  u  u  ^  -  Vs  u2  u)dxds. 

Q  Q  xx  xxx  xt  x  xxxx  xt  *  xxx  t 

Also,  by  (4.8)  there  is  a  constant  c,  dependent  on  Ifl^  and  Ig^  T,  such  that 

c/tu  <0,s)u  (0,s)u  <0,s)ds  <  e2B2(t)«u  I  +  J^u2  (0,s)ds 

0  *  xxx  xt  X  Cb(*+*[0,T))  0  XXX 

<  ce2(1  +  A2(t))B2(t>  +  A2(t). 


e/t“  (0,b)u  <0,s)u  <0,s)ds  <  elu  I2  j^u2  <0,s)ds  +  E  /* u2  (0,s)ds 

0  xx  xxt  *  C.  (*  *fO,t))  0  **  o  XXC 

D 

<  cEA3(t)  ♦  A2(t). 

Referring  to  the  definition  of  A  and  B  below  (4.4),  and  applying  elementary  estimates, 
it  follows  at  once  that 


2eft  /*(  3U  u  u  +  3ti  u  u  -  Vs  u2  u. )dxds 
Q  0  xx  xxx  xt  x  xxxx  xt  *  xxx  t 

<  /t[6€A2(s)B(s)  +  6E  ^  A2(s)B(s)  +  EA2(s)B(s))ds 


<  13E  ^  /tA2(8)B(s)dS. 

0 

Here,  and  above,  the  restriction  e  <  1  is  used.  The  last  few  relations  combine  with 
(4.18)  to  produce  the  Inequality 

e2/*®2  (0,s)ds  <  c  +  c’e  ^  JtA2(s)B(s)ds 


+  c1 {a2 ( t )  +E(A3(t)  +  E(1+A2(t))B2(t)J }. 


If,  in  (4.17),  5  is  now  chosen  small  enough,  the  desired  inequality  follows  from  (4.16). 

(4.17)  and  (4.19).  This  completes  the  proof  of  lemma  4.2. 

To  make  effective  use  of  lemma  4.2,  an  estimate  for  B(t)  is  needed.  The  following 
result  will  be  sufficient. 

LEMMA  4.3.  Let  T  >  0,  f  e  H*(«+),  g  €  H*(0,T),  with  f ( 0 >  -  g(0).  There  are 
positive  constants  a4  and  c^,  with 

a4  "  a4<,Ut<*'0),l'lgl2,T>  an<S  C3  “  C3<lf,3'  l,l1,T>' 
such  that  the  solution  of  (4.1)  corresponding  to  the  data  f  and  g  satisfies  the 

inequality 

82<t>  <  a  ♦  e.  f|(1  ♦  A(s))b2(s)  ♦  eB3(s))de, 

4  3  0 

for  all  t  in  [0,T]  and  e  in  (0,11. 


Next,  multiply  (4.20)  by  2<*vxt  “  uv  -  and  integrate  again  over  »+*(0,t).  This 

leads  to 


-4  3' 


(l-fe)lv  (♦,t)l2  -  /"u(x,t)v2(x,t)dx  +  fv 2  ( 0 » s )  +  (V  (0,8)  -  ev  <0,s)]  )ds 


( 1+6)  lv_(  *,0)  I2  -  /"* f(x)v2(x,0)dx  +  ftg*t(a)[C-  g2(s)]ds 


-  2[t9^a)'T  (0,s)ds  -  2/tg(«K(»Uv  (O.s)  -  ev  (O.s)lde 

0  tt  x  o 


(4.22 ) 


♦  f  A  2uw  -  v3)dxds. 

0  0  X 

The  underlying  equation  (4.1a)  implies  that 

-  /*  /"* v3dxda  -  J1  /*v2(ux  ♦  uu^  +  uxxx  -  euxxt)dxds. 

0  0  0  0 

The  last  term  on  the  right  side  of  this  relation  is  potentially  troublesome,  but  after 
Integration  by  parts, 

e/*  /*Vu  _dxds  -  -e/^tsW  (0,s)ds  -  2eft  /“w2dxds. 

00  X  0  0  0  x 

Also, 

/"u(x,t)v2(x,t)dx  <  lul  <V(*,t)l2 

o  Cb<*  *[0,t}) 


<  clv(  *,t)  I2, 

where  c  depends  on  »f I ^  and  Ig^  T,  as  in  (4.3).  The  desired  result  thus  follows  by 
adding  an  appropriate  multiple  of  (4.21)  to  (4.22)  and  making  the  kind  of  estimates  based 
on  (4.2)  that  are,  by  now,  familiar. 


Recapitulating  the  outcome  of  lemmas  4.2  and  4.3,  if  u  is  the  solution  of  (4.1) 
corresponding  to  Initial  data  f  and  boundary  data  g,  and  A  and  B  are  the  associated 
functionals  defined  below  (4.4),  then  A  and  B  are  restricted  by  the  system  of 
Inequalities 

A2(t)  -  cc  (A3(t)  +  e(1+A2(t))B2(t)j  <  a  +  e  ^2  c  /tA2(s)B(s)ds, 

*  J  *  n 


(4.23) 


B2(t)  *  a.  ♦  c,  /*(<!  +  A(s))B 2<s>  +  eB3(a)]ds, 
4  3  0 
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holding  for  all  t  in  [0,T]  and  e  in  (0,6^).  Thu  constant*  e^,  a3,  a4,  c2  and 
c3  have  all  been  previously  determined  to  depend  simply  on  T,  on  various  norms  of  f 
and  g  and  on  lu^t'jO)^.  The  system  (4.23)  will  be  exploited  to  obtain  the  following 
bound  on  u,  which  holds  uniformly  for  c  sufficiently  small. 

LEMMA  4.4.  Let  T  >  0,  f  £  h“(*+),  g  £  h"<0,T)  be  given  with  f ( 0 >  -  g(0).  Let 
u  be  the  solution  of  (4.1)  corresponding  to  the  data  f  and  g.  There  are  positive 
constants  and  c4,  both  depending  on  lf*4,  Iglj  ^  and  *^(*,0)1^,  such  that  for 

e  in  (0,e^]  and  t  in  [0,T],  both  A(t)  and  B(t)  are  no  larger  than  c4. 


Proof.  For  each  M  £  R  such  that 

M  >  max(A(0),B(0)),  (4.24) 

let 

t  -  inf (t  e  [0,T] :A(t)  »  M  or  B(t)  >  m), 

with  the  understanding  that  if  the  set  over  which  the  infimum  is  taken  is  empty,  then  tH 
■  T.  To  establish  the  lemma,  it  suffices  to  show  that  tM=*  T  for  some  M  and  all 
sufficiently  small  e. 
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A2(t)  <  6  +  4a  ♦  4c  «  1/2 /t»J(8)B(s)d«, 

1  3  2  o  1 


B2(t)  <  1  ♦  a .  ♦  c  /*A  (a)B2(s)ds. 

0 

Hence,  in  this  range  of  t  and  e,  there  are  positive  constants  a,  0  and  Y, 

independent  of  M,  such  that 

A2(t)  <  — — Y7  +  2-se  ^  /*  A2 ( s )B( s )ds , 

1  i-e  y2  8  0  1 

(4.27) 

B2(t)  <  - ^  +  2—  /tA1<s)B2(s)ds. 

(First  choose  o  and  6  large  enough,  and  then  choose  Y  large  enough.  Note  then  that 
a,  6  and  Y  only  depend  on  the  constants  a^,  a4,  c2  and  Cj.)  Define  A^  and  B  to 
be  the  maximal  solution  of  the  system 

A2 


2<t)  -  — 2-17  +  2*e  1yi  J*  A2(s)i( s)ds, 
1  i-e  f2  8  o  1 

B2(t)  -  — +  2^  f*  A.(8)B2(s)ds. 
1-C  h  °  0  1 


Then,  A^(t)  >  A  (t)  and  B(t)  >  B(t),  for  all  t  for  which  A^t)  and  B(t)  are 
finite.  Moreover,  A.  and  B  may  be  determined  explicitly  as. 


0  e 


Yt 


A  <t)  -  —~V — =r  and  B<t)  -  - ip — —  , 

1  1-e  y2ert  i-e  y2  ert 

-  V> 

whenever  exp(Yt)  <  c  S  Therefore,  if  M  is  chosen  so  that 

M  >  2max  (a,  08^}, 

and  then  is  chosen  so  that,  as  well  as  satisfying  (4.26), 


1  -  >v2. 

then  tM  »  T  for  all  £  in  <0,£j).  Talcing  c4  »  M,  the  lemma  is  now  established. 


The  constants  e2  and  c4  in  lemma  4.4  depend  on  lu  (*,0)1^,  since  the  constant 
a4  in  lemma  4.3  had  such  a  dependence.  In  order  to  control  the  size  of  A(t)  and  B(t), 
uniformly  for  small  c,  some  estimate  of  lu  (*,0)1  must  be  obtained  in  terms  of  the 
data  f  and  g.  An  appropriate  bound  is  forthcoming  if  the  data  satisfies  the  additional 
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compatibility  condition, 

gt<0>  -  -lfx<0>  +  f(0>fx(0)  +  fxxx<  °>i *  (4.28) 

LEMMA  4.5.  Let  T  >  0,  f  «  H  (E+),  g  i  h’w,'!)  with  f(0)  -  g<0).  Suppose  the 
data  f  and  g  also  satisfy  (4.28).  Then  there  is  a  constant  aj  depending  on  Ifl^ 
such  that 

*ufc  (  *,0)  I  <  a5# 

for  all  e  in  (0,1],  where  u  is  the  solution  of  (4.1)  corresponding  to  f  and  g. 

Proof .  Let  «<x)  »  ~ffx<x)  +  f<x)fx<x>  +  fxxx^x^*  Then  ut<*,0)  is  a  solution  of 
the  boundary-value  problem 

ut<*,0)  -  euxxt(‘.°>  “  *• 

u  (0,0)  “  g  (0),  lim  u (x,0>  »  0. 

^  -  -an  ^ 


Hence,  ^(*,0)  is  given  by 


u  ( x , 0 )  -  e  X/'e  g  (0)  +  /"m  (x,5)iP(?)dC, 


(4.29) 


where,  as  in  (3.10), 


me<x.£>  -  Jexpl-lx-EI/e1^)  -  exp(-(x+E)/e  ^  )] . 

2€  '2 


It  follows  immediately  from  this  representation  that 


»utC,0)l  < 


V4 

-77  lg..(0)|  ci*i, 

'2  * 


where  c  is  a  constant  which  is  independent  of  e.  Since  gt(0)  “  ^(0),  and  because  of 
the  definition  of  it  is  concluded  there  is  a  constant  a  depending  on  Ifl^  such  that 

•utC,0)l  <  a,  (4.30) 


and  this  relation  holds  uniformly  for  e  in  (0,1] 


I 


t«l 


Differentiation  of  (4.29)  with  respect  to  x  leads  to  the  relation 


1  -x/e  '2  1  [•» 

uxt(x.°)  -  - -r  e  gt(0)4  — r« 


1  r  -<x+S)/e 


.  1_  /*.»-*♦«/« \e)a4  +  0-  r  .(x-5)/e  1/2  *C)dC. 

0  x 


Integrating  the  right-hand  side  by  parts,  there  appears  the  formula 


u  Jx.O)  -  -T7  e‘x/e  2*<0)  -  g  (0)1  +  /"  M  (x,5)o  (C)d5,  (4.31) 

xt  e  '2  c  o  x 

M£(x,E)  -  ~^T7  Iexp(-|x-5|/e1/2  )  +  exp(-(x+5)/e  ^ )] . 


The  integral  on  the  right-hand  aide  of  (4.31)  presents  no  difficulty.  For  it  is  readily 


verified  that 


I  r  MeC,e)v>x(C)d£l  <  d*xi, 
0 


where  again  c  denotes  a  constant  independent  of  e  and  <fi  .  The  presumption  (4.28)  has 
the  effect  of  eliminating  the  other,  potentially  troublesome  term  from  the  right-hand  side 
of  (4.31).  Again  taking  account  of  the  definition  of  f,  it  follows  that  there  is  a 


constant  a.  depending  on  Ifl^,  such  that 


,Uxt*  ',0>  1  *  *' 


(4.32) 


holding  uniformly  for  e  in  (0,1).  Taken  together,  (4.<>0)  and  (4.32)  imply  the  desired 


Combining  the  imports  of  lamas  4.4  and  4.5  leads  directly  to  the  principle  result  of 
this  section. 


OO  +  0* 

THEOREM  4.6.  Let  T  >  0  be  given,  and  let  f  c  H  (R  )  and  g  £  H  (0,T)  and  suppose 
the  compatibility  conditions, 

f(0)  -  g(0)  and  gt<0)  +  fx(0)  +  f(0)fx(0)  +  fxxxO>  -  0. 
hold.  Let  u  be  the  solution  of  the  regularised  initial-  and  boundary-value  problem  (4.1) 
corresponding  to  the  given  data  f  and  g.  Then  there  is  a  constant  a^,  depending  on 
*f*4  and  I9I 2 such  that 

•u(  *,t)  +  •ut(*,t)l1  <  ag, 

for  all  t  in  (0,T]  and  e  in  (0,&21.  Here  is  the  positive  constant  arising  in 
lemma  4.4,  and  so  depends  on  lfl4  and  |gl2  T  as  well. 

Remarks.  A  somewhat  stronger  result  than  is  stated  in  theorem  4.6  is  available  from 
the  foregoing  analysis.  This  strengthened  result  has  been  eschewed,  for  simplicity  and 
because  it  is  not  needed  in  what  follows.  Nevertheless,  it  is  worth  recording  that 

elu  C,t)l2  ♦  flu2  (0,s)  u2  (0,s)  +  eu2  (0,s)  ♦  u2  (0,s)]ds  <  (a,)2 
XXXX  '  XXX  xxxx  xxt  xt  6 

as  well,  provided  that  e  lies  in  (O.Ej]  and  t  lies  in  [0,T].  The  constants 
and  a^  are  those  specified  in  the  statement  of  the  last  theorem. 

The  various  constants  appearing  in  the  statements  of  results  in  this  section  may  all 
be  taken  to  depend  continuously  and  monotonlcally  on  both  T  and  the  norms  of  the  data 
that  occur.  This  follows  immediately  upon  examination  of  the  presented  proofs.  Such  an 
aspect  is  without  crucial  significance  in  what  follows,  and  so  will  be  passed  over. 


S.  HIGHER-ORDER  ESTIMATES  FOR  THE  REGULARIZED  PROBLEM 


The  derivation  of  e-independent  bounds  for  solutions  of  the  regularized  initial-  and 

boundary-value  problem  (4.1)  is  continued  in  this  section.  The  bounds  established  in 

section  4  would  be  sufficient  to  estshlish  an  existence  theory  set  in  the  space 
•  4 

L  (0,TiH  (R  ))  for  the  quarter-plane  problem  (1.3).  Smoother  solutions  would  be  expected 

to  obtain  provided  the  initial  and  boundary  data  is  appropriately  restricted.  A  proof  of 

such  further  regularity,  presented  in  section  6,  is  based  on  the  additional  estimates  to  be 

obtained  in  the  present  section. 

»  +  • 

The  assumption  that  f  £  H  (R  ) ,  g  «  H  (0,T),  and  f(0)  -  g(0)  will  continue  to  be 
enforced  throughout  this  section.  This  hypothesis  will  be  recalled  informally  by  the 
stipulation  that  the  data  f  and  g  is  smooth  and  compatible.  If  j  is  a  non-negative 
integer,  the  notation 

u(j)  -  aju 

will  be  convenient,  and  employed  henceforth.  This  section  consists  of  two  technical 
lemmas,  which  lead  directly  to  the  principal  goal,  theorem  5.3.  The  first  technical  result 
generalizes  lemma  4.4. 


OB  4,  OO 

LEMMA  5.1.  Let  f  «  H  (R  )  and  g  c  H  (0,T)  be  given,  with  f ( 0 )  -  g(0).  Let  u 

be  the  solution  of  (4.1)  corresponding  to  the  data  f  and  g,  and  let  k  be  a  non- 

negative  integer.  There  is  a  constant 

b  ”  b  (  I  ?!  t ,  „/  "a*  {>u(:))(V>)l  ,lu(j+1V,0)l  }), 

1  1  k+2,T  4  1 


depending  continuously  on  its  arguments,  such  that 


and 


fUu 

0 


(M(0,s)l2 

XXX 


.u(k+1)< 


+  * -iC1  W)-. 

*»t)12  +  /t(u’’'+1)(0,s)J2ds  <  b  , 

I  _  X  ‘ 
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t 


for  all  t  In  [0,T]  and  e  in  (0,^3 .  Hare,  la  apaclflad  in  lamma  4.4. 


Proof.  First  nota  that  for  k  ■  0,  tha  desirad  rasult  is  implied  by  lemma  4.4.  The 
proof  proceeds  by  induction  on  k.  Let  k  >  1  be  given,  and  suppose  that  the  stated 
estimates  hold  for  all  non-negative  integers  less  than  or  equal  to  k  -  1.  Let  v  « 
u  ,  where  u  is  tha  solution  of  the  regularised  initial-  and  boundary-value  problem 
(4.1)  corresponding  to  the  given  smooth  and  compatible  data  f  and  g.  For  t  in 


[0,T] ,  define 


»2<t>  -  sup  {lvC,s>«2  +  elv 

0<s<t  3  xxxx 


+  /fc[v  (0,8)  ♦  v  (0,8)  +  Cv  .  (  0 ,  s ) ) ds 
'  XXX  xxxx  xxt 


B2(t)  -  sup  {lv  c,s)l2}  ♦  /*v2  (0,s)ds. 
0<s<t  0  xt 


The  induction  hypothesis  implies  that 


♦  '  ,vl  -  i  +  *  c' 


L  ( 0 ,T|H  (R  ))  L  ( 0  ,T|H  (R  )) 


I  m  ,  lv  I 

l“(0,T|W2'’’(R+))  L“(Ht*(OrT)  ) 


where  here,  and  in  the  remainder  of  this  proof,  c  will  denote  various  constants  which  all 

depend  on  the  same  variables  as  the  constant  given  in  the  statement  of  the  lemma,  but 

which  will  always  be  independent  of  e. 

For  any  integer  j  >  1  the  function  u*3'  satisfies  the  equation 

u<3>  +  u<3)  +  <uu<3>  +  h  iu>>  +  u(3>  -  eu<3’  -  0,  (5.2) 

t  X  j  X  XXX  xxt 


v«>  (3)u‘l,u<3-i>. 

3  i-1  1 


The  Induction  hypothesis  also  implies  that 


lh  (u)  I  <  c»h  (u)  I  < 

L  (O.TjW^*  (R  ))  *  L  (0,T»HJ(R  )) 


*  -  ■»  •-  * 


~  “S  . 


i 


The  functions  A(t)  and  B(t)  will  be  estimated  via  an  energy  inequality  derived  from 
equation  (5.2).  Talcing  j  -  Ic  ,  differentiate  (5.2)  once  with  respect  to  x,  multiply  by 
-2vxxx  and  integrate  the  resulting  expression  over  R+*(0,t).  The  outcome  of  this  process 


may  be  written 


V2(t)  +  Jiv^0*8*  +  vjocx(0'a)lds 


V  (0)  -  2^  vxt(0,s)vxx<0,s)ds  +  2^  /"[uv  +  hk<u>  1xxVxxxdXdS* 
0  0  0  " 


where  V2<t)  -  Iv^C.t)*2  +  8*vxxx* *'t} ^ ‘ 


Inequalities  (5.1)  and  (5.3)  imply  that 


jt  r  luv  +  \(u)  ^xx^xx35"5®  *  C<1  +  J1 'v(  *.s)  Ijds). 


Because  of  (2.1)  and  (5.1),  for  any  5  >  0,  there  is  a  constant  c&  such  that  for  all 


t  in  (0,T). 


Ivl  „  ,  „  <  c.  +  «{  sup  lv(*,s)l  }. 

L  <0,tjW  '  (R  ))  0<s<t 


Combining  (5.1),  (5.2),  (5.3),  and  (5.6),  it  follows  that,  for  all  5  >  0  and  t  e  [0,T), 


J* v  (0,s)v  (0,s)ds 

0 


;t{vxx(°,s)  ♦  (uvthk(u))xx(0,s)  ♦  vxxxx(0,s)  -  evxxxt(0,s)}vxx(0,s)ds 
0 


<  cs  t  «{  eup  IvC,s)I23  ♦  f  v2xxx(0,s)ds)  -  efv^O.sW^tO.sIds. 
0<s't  0  0 

Together  with  (5.4)  and  (5.5)  this  implies  that  for  all  S  >  0  there  is  a  constant 


Cj  such  that 


V  (t)  +  f»  (0,s)  +  v  (0,s)]ds 
2  '  xx  xxx 

0 


<  c{[1  +  /tA2(s)dsJ  +  «A2(t)  -  lej^v^^fO.sW^fO.stds, 


where  A  is  defined  above  (5.1) 


Next,  differentiate  (5.2),  again  with  j  »  k,  twice  with  respect  to  x,  multiply  by 
-2v  and  integrate  over  R+*(0,t).  After  suitable  integrations  by  parts,  there  appears 


V  (t)  +  i^tv2  (0,s)  +  v2  <0,s)]ds 


“  V,(0)  -  2/tv  (0,s)v  (0,s)ds  +  2^  J^uv+h  (u)J  v  dxds, 

3  ‘  xxt  xxx  ‘  i  k  xxx  xxxx 

0  0  0 


(5.8) 


holding  for  all  t  e  (0,T),  and  where 


V,(t)  -  lv  C,t)l2  +  elv  C,t)»2. 
3  xxx  xxxx 


Observe  that 


J*  f* (uv)  v  dxds  *»  /  /  (uv  +  3u  v  +  3u  v  ♦  u  v)v  dxds 

'  '  xxx  xxxx  1  '  xxx  x  xx  xx  x  xxx  xxxx 

0  0  0  0 

»  -/t(1Ag(s)v2  (0,s)  +  3u  (0,s)v  (0,s)v  (0,s)  +  3u  (0,s)v  (0,s)v  (0,s) 

'  ‘  xxx  x  xx  xxx  xx  x  xxx 


+  u  (0,s)v(0,s)v  ( 0 , a) ] ds 

xxx  xxx 


^  (■  7  2 

-  J  [TU  v  +6uvv  +4u  vv  +  u  w  jdxds. 
1  '2  x  xxx  xx  xx  xxx  xxx  x  xxx  xxxx  xxx 


0  0 


The  induction  hypothesis  and  the  fact  that 


J*  *v  ( *,s)  l2„  +  ds  <  c/tA2(s) 


ds 


L  <R  ) 


implies  that  there  is  a  constant  c  such  that 

ft  f“ u  v  v  dxds  <  /*  lv  (*,s)l  )u  (’.slllv  (*,s)lds 

1  '  xxx  x  xxx  :  x  xxx  xxx 

00  0  L  (R  > 


5  c A2(s)ds. 
0 


Also,  it  follows  directly  from  the  regularized  equation  (4.1a)  that 

u  =eu^-(uu  +  u2  +  u  ♦  u  ^  ^ )  • 

XXXX  XXX  XX  X  XX  X 

Hence,  from  (5.1)  and  the  induction  hypothesis, 

j*  fu  w  dxds  <  /^Ivf'.s)!  _  ,  lu  (*,s)Hv  (*,s)>ds  <  c/fc  A2(a)de, 

'  '  xxxx  xxx  :  xxxx  xxx  1 


0  0 


.  .  .  xxxx  ......  . 

0  L  (R  )  0 
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for  all  t  In  [0,T].  By  (5.1)  and  the  above  estimates,  it  nay  now  be  concluded  that 

/t  /** (uv)  v  dxds  <  c[1  +  /*■  A2(s)ds  +  /* v2  (0,s)ds].  (5.9) 

'  '  xxx  xxxx  '  '  xxx 

To  estimate  the  rest  of  the  third  tern  on  the  right-hand  side  of  (5.8),  note  that 

/*  /"(h  (u))  _ v  dxds 

'  p  k  xxx  xxxx 

»  -  (0,s)v  (  0 ,  s)ds  -  /*  /*(  h  (u))  v  dxds. 

i  X  XXX  XXX  ilk  xxxx  xxx 


Equation  (5.2),  once-differentiated  with  respect  to  x,  is 

u<3>  -  eu(J+,>-  {[uu<3>  +  h4(«)l  +u<3>  +u(3+,)}. 

XXXX  XXX  j  XX  XX  x 


Together  with  the  induction  hypothesis  this  relation  implies  that 


/tl(hk(u))xxxxC,s)l2ds  <  c[1  ♦  e2/tA2(s)ds) . 


Therefore,  using  the  induction  hypothesis  and  the  estimate  above,  we  may  conclude  that 

J*  fV(u)>  v  dxds  <  c[1  +  /tA2(s)ds  +  /S2  (0,s)ds).  (5.10) 

ilk  xxx  xxxx  I  :  xxx 

0  0  0  0 


It  remains  to  estimate  the  boundary  term  on  the  right-hand  side  of  (5.8).  The 

equation  (5.2),  with  j  “  k  again,  implies 

-  /*  v  ( 0,s) v  (0,s)ds 

'  xxt  xxx 

■  j* v  (0,s){v  (0,s)  +  V  (0,8)  +  [uv+h  (u))  (0,s)  -  Ev  (0,s)  Jds. 

_  XX  v  L  X  K  X  XXt 

0 


Integrating  by  parts  with  respect  to  s  yields  the  relation 

f* v  (0,s){v  (0,s)  +  v  (0,s)  +  [uv+h  (u)J  (0,s)}ds 

^  XXt  v  X  XX 


-  vxx<0,s){vt<0,s)  +  vx<0,s)  +  [uv+hk(u))x(0,s)})s_0 


-  /*v  (0,s) (v  (0,s)  +  v  (0,s)  ♦  [uv+h  (u)J  (9,s))ds. 

0  XX  1 1  Xt  X  xt 


From  (5.1),  (5.3)  and  (5.6),  and  tha  fact  that  vtt(0,a)  *  g"*+^(a)  and  vt(0,s)  - 
g(k+1)(9)^  t^U8  appears  that  for  any  4  >  0  there  ia  a  constant  c^  auch  that 


'  ^vxsct(0'a)vxxx(0'“,d• 


(5.11) 


<  cs  -  e/tv^xt(0,a)da  +  4A2(t)  -  /tI1+g(a))v%#-#(0,a)v^(0,8)da. 


xt 


The  estimates  (5.8),  (5.9),  (5.10)  and  (5.11)  and  the  identity 

-v  «  v  +  [uv+h,  (u)  S  +  v  -  £v  . , 
xt  xx  k  xx  xxxx  xxxt 

obtained  from  (5.2),  now  imply  that,  for  all  4  >  0,  there  ia  a  constant  Cg  such  that 

for  ail  t  «  10, T] , 

V°  +  f  [vLc(0'*>  +  Vxxxx(0',)  +  *W(0'a)ldB 
<  c5I1  +  /tA2(s)da  +  ^^(0,8)08)  +  4a2U) 


-26/*  (1  +  g(s))vxj{(0,8)vjtxxt(0,e>ds. 

By  adding  this  estimate  and  a  suitable  multiple  of  (5.7),  and  using  the  induction 
hypothesis  again,  it  appears  that  for  each  4  >  o  there  is  a  constant  eg  so  that,  for 
all  t  in  [0,T]  , 

A2(t)  <  Cj[1  +  /tA2(s)ds)  +  4e2/tv2xxt(0,s)ds.  (5.12) 

0  0  XXX 

Inequality  (5.12)  is  not  useful  until  the  second  integral  is  bounded.  This  may  be 
accomplished  by  virtually  the  same  argument  as  was  used  to  bound  the  corresponding  term 
appearing  in  the  proof  of  lemma  4.2.  Differentiate  (5.2),  with  j  -  k,  twice  with  respect 
to  x,  multiply  the  result  by  ^Evxxxt'  an<*  tharl  integrate  over  R+*(0,t).  This  leads  to 
the  Identity 
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(5.13) 


:{lv  f,t)«2  -  lv  C,t)l2}  4  e2/*  v2  .(0,s) 

wv  *  vvw  •  XXXt 


ds 


:{«v  C,0)«2  -  lv  f,0)l2}  +  ej^v2  (0,s) 


xxt 


ds 


+  26f  Vxxxx(0'8,Vxxxt(°'8>d8  ‘  2ef  f[uv+h)c(u)1xxxVxxxtaxd8 


0  0 


Since  (5.2)  implies  that 

cf  r  iuv+hkiu)ix*xv*xxtaxdfl 


0  0 

■  f  fIuv+\<uHxxx{vxxxx  +  Iuv+hktu)1xx  +  Vxx  +  vxt}dxd8' 

0  0 

it  follows  from  (5.9),  (5.10)  and  the  Induction  hypothesis  that  for  all  t  f  [0,T] , 

Cf  f-V-xxxW- 
0  0 

<  c{l  +  /t(A2(s)  4  A( s)B( s) }  ds  +  /V  (0,s)ds). 

0  0  xxx 

In  consequence  of  (5.12)  and  (S.13)  we  therefore  infer  the  existence  of  a  constant  c  such 


that 


A2(t)  <  c(»  *  /t(A2(s)  4  A(s)B(s)Jds>, 
0 


(5.14) 

0 

for  all  t  £  [0,T] . 

Next  B(t)  will  he  estimated.  Let  w  «  By  (5.2)  w  satisfies  the  equation 

w^  +  w  +  (UW411  ,(u)J  4  w  -  ew  -  0.  (5.15) 

t  x  k4l’  "x  xxx  xxt 


Multiply  this  equation  by  2w  and  integrate  over  R  x(0,t)  to  obtain 
Iwt’.t)*2  4  elw  (*,t)l2  +  /*  w2(0,s)ds 


■  lw(*,0)l2  4  elw  C,0)l2  4  /^[l  4  q(s)Jw2(0,s 


)ds 


4  2/tM(0,s)(w  (0,s)  -  ew  <0,s)Jds  -  J*  r^u  W2  4  2w[h  (u)J  )dxds. 

0  0  0 


The  Induction  hypothesis  therefore  implies  that,  for  all  4  >  0,  there  is  a  constant  c^ 
such  that 
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for  all  t  6  [0 #T} • 


2(  Cw 


xt 


w  ) 
XX 


lw(*,t)l2  +  elwx(*,t)l2  +  w2(0,a)ds 

0 


(5.16) 

<  Cj[1  +  /V< s)ds]  +  «  f  [tfjot(0,8>  -  ewxt(0,8)]2d8, 

0  0 

To  complete  the  satisfactory  estimation  of  B(t),  multiply  (5.15)  by 
and  integrate  over  R+*(0,t).  This  yields 


(1+e)U»  (*,t)l2  -  /*w2(x,t)u(x,t)dx  +  J^tw^tOjs)  +  [w  (0,s)  -  ew  (0,s)l 

X  _  X  XX  xt 


«  (1-te)lw  (*,0)l2  -  f* w2(x,0 ) f ( x) dx  +  /^ew^tO.s)  -  g2(s)w2<0,a)]  da 
X  0  0  C 


2)ds 


(5.17) 


-  2/%*  (0,a)w  ( 0 ,s ) ds  -  2/tg(s)w(0,a)[w  (0,s)  -  ew  (0,s)]ds 

0  t  x  0  **  xt 

+  /t  /" {2uww  -  u  w2  +  2[h,  ,.(u)l  (w  +  uw  -  ew  )}dxds. 

I  1  x  t  k+1  x  xx  xt 

0  0 

Integration  by  parts  implies  that 

f  fIVl(tt)1xWxxdX  ■  •  {ttV1(u)JX<0'*)V°',)d*  "  f  fflWu)}xxVlxd"' 

and  that 

ef  or^l<U>1xW^  ■  £[lVl(u)1x(x',),*lx',)to|^ 

■  ef  flhk+1(u)5xtwxaxds- 
0  0 

Hence,  it  follows  from  the  induction  hypothesis  that  for  all  t  e  [0,T], 

J*  J  th  (u) ]  (w  +  uw  -  ew  ) dxds 
1  '  k+1  x  xx  xt 

0  0 

<  e2lwxC,t)l2  +  cfl  +  /t(B2(s)  +  A(s)B(s))ds  +  w2(0,s)ds). 

Therefore,  if  (5.17)  is  added  to  a  suitable  multiple  of  (5.16),  it  follows  that 

B2(t)  <  c { 1  +  /t[B2(s)  +  A(s)B(s))ds)  (5.18) 

0 

for  all  t  t  10, T)  and  all  e  in  (0,6^).  Here,  without  loss  of  generality,  e^  has 
been  presumed  to  he  strictly  less  than  1. 


From  (5.14),  (5.18)  and  Gron wall's  lemma  It  now  follows  that  there  is  a  constant  c 
such  that 

A(t) ,  B(t)  <  c 

for  all  t  e  [0,T]  .  This  completes  the  induction  argument  and  hence  the  proof  of  lemma  5.1. 

The  bounds  established  in  lemma  5.1  are  just  what  will  be  needed  in  section  6,  except 

that,  so  far  as  is  known  now,  not  all  the  arguments  of  the  constant  b^  are  independent  of 

e.  To  attain  the  goal  for  this  section,  it  will  suffice  to  give  conditions  on  the  data 

f  and  g  which  imply  that  lu^(*,0)l.  and  lu^+1^  (•  ,0)  I  ,  0  <  j  <  k,  are  bounded, 

4  1 

independently  of  e  sufficiently  small.  This  amounts  to  extending  lermna  4.5. 

we  have  not  succeeded  in  giving  an  absolutely  straightforward  generalization  of  lemma 
4.5  to  the  case  j  >  0.  However,  by  modifying  the  data,  in  an  e-dependent  way,  a  result 
is  obtained  which  is  sufficient  for  our  purposes  in  the  next  section.  Before  stating  this 
lemma,  some  convenient  notation  is  Introduced. 

Let  *(0,<x)  »  f(x),  and  for  each  integer  j  >  1  define  functions  inductively 

by  the  recurrence, 

*<!♦’>  .  Vj>  +  V><J)  +V2  (  5  0(1VJ-l)>  1.  (5.19, 

i-0 

Also ,  for  non-negative  integers  j ,  let 

g(j>(t)  -  3^g(t)  . 

Here  la  the  result  alluded  to  above. 

LEMMA  5.2.  Let  f  £  H  (H+)  and  g  £  H  (0,T)  be  given,  with  f(0)  «  g(0).  Let 
k  >  1  be  a  given  integer  and  suppose  additionally  that 

g(j)(0)  -  V><j)(0),  for  j  -  1 ,2 ,  ••  •  ,k  • 

m 

Then  there  exists  a  family  {gg}g<e<l  in  H  (0,T)  such  that 
(i)  g  (0 )  -  g(0 )  and  lim|g  -  g|  -  0, 

e  e-»o  K  1  ,T 
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(ii)  there  exists  a  constant  bj ,  depending  continuously  on  * t •  ^ »  such  that 

,uc3  ( ‘,0> *3(k-j)+1  *  b2 

for  0  <  j  <  k  and  ail  e  t  (0,1)],  where  ue  denotes  the  solution  of  (4,1)  with  initial 
data  f  and  boundary  data  gg. 

Proof.  First,  two  sequences  of  functions  *nd  ^we3^1<j<k  ar® 

Introduced.  These  will  be  used  momentarily  to  define  the  modified  boundary  data  g£(t). 

If  j  is  an  integer  in  the  range  [0,k],  let  V(j)  -  [  3  ^ -  ]  and  define  wi.^*  and 

2  E 

•f  ^ '  on  R+  by  w*°*  -  «  f  and,  recursively  for  J  >  0, 


j-1 


♦  (-‘1’1))xxx  ♦  V2  (?)<„<«  ,5. 


and 


i-0 

w<j)  -  expt-x/e1^)  P  e1(»x1^|.J>)( 0)  +  rMc.(it,?)'ci1>(5)de. 


i-0 


•e'"'”Te 


20) 


(5.21) 


Here,  as  in  the  proof  of  lemma  4.5, 

M  (x,£)  -  —-V-  [exp(-|x-Ci/e1/2  )  -  exp(-(x+5)/e  1/2  )) 
C  2t  /2 

and 

M(x,«)  -  — \t-  [exp(-|x-«|/e1/2  )  +  exp(-(x+0/£  1/2  )]. 
'2 


2€ 


.(j) 


Note  that  w£  has  been  determined  as  the  solution  of  the  boundary-value  problem 

V  -  ev  - 

xx  e 


with 


where 


(5.22) 


v(0)  -  and  lim  v(x)  -  0, 

x*+~ 


Xe3)  “  ^  e1(3^^))(0), 

i-0 


for  ]  -  1,2,  •••,*. 
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By  differentiating  (5.21)  the  following  identities  are  obtained,  for  all  integers 
r  >  1, 

<32r+VJ))(x>  -  exp(-x/e1/2  )e"(r  +  ^  '  I  I  ei(3^‘3>)(0)  -  X<3>] 

X  «-  K 


and 


i-0 


x  e 


+  r  N.(x,5)(32r+1  ^J,)(C)dC 

o  6  X  e 


(3?rwi3>)(x)  -  exp{-x/c1/2  )e-rjX‘J)  -  \  eA( 32\>‘3))(0)J 


x  e 


e  ‘  '  x  'e 

i-0 


♦  r  ME(x,5>(3*V3>)<5)d5. 

o 


(5.23a) 


(5.23b) 


>  ' 


-  j 


* ; 


Hence,  there  is  a  constant  c.  Independent  of  ^j,3^  and  e,  such  that 


,„<3>  |  <  ciif* 33 1 

e  3(k- j )+1  3(k-j)+l' 


(5.24) 


lo<  0  <  j  <  k.  Using  (5.20),  (S.24)  and  a  simple  inductive  argument,  it  follows  that 
there  is  a  constant  bj  »  b2<  *f,3k-*V  8uch  that 


,we3  *3 < k— j >  + 1  '  ^e3  '3(k-j)+1  *  b2* 


independently  of  e  in  (0,1]  and  j  in  (0,k] . 

For  each  c  t  (0,1]  define  modified  boundary  data  ge(t)  by 


*  J 


ge(t)  -  g(t)  +  I  T7  l*ej)  -  *><3) 
e  j-i  31  6 


<0)J, 


(5.25) 


Observe  that  ge(0)  ”  g(0).  Also,  since  g*3^(0)  -  ^3^(0)  by  assumption, 

g‘j>(0)  -  X<3>, 


(5.26) 


for  1  <  j  <  k. 
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Now  let  ug  denote  the  solution  of  (4.1)  with  initial  data  f  and  boundary  data 
ge.  It  follows  Inductively  from  (5.20),  (5.22)  and  (5.26)  that  Ug3>C,0)  -  w[3>  for 
0  <  j  <  k,  and  hence  the  desired  bounds  on  Ug^(*,0)  follows  from  (5.25). 

To  complete  the  proof  it  is  only  required  to  check  that 

ig  lge  -  «lfc*1fT  “  °- 

Because  of  the  definition  of  g£,  this  is  equivalent  to  showing  that 

lim  |A<3>  -  *<3)(0)|  -  0, 

e+o 

for  0  <  j<  k.  Referring  to  the  definition  of  A^3*  below  (5.22),  and  keeping  in  mind  the 
bounds  in  (5.25)  and  the  simple  inequality  (2.5),  we  see  that 

Agj>  -  *gj)(0>  +  0(E), 


as  e  +  o,  for  0  <  j  <  k.  More  precisely. 


|A‘1>  -  „<1‘(0>|  <ce.v><j».3(){.j)+1  <cb2e. 


(5.27) 


Hence  it  is  enough  to  show  that 


lim  |*<3><0)  -  *><3><0)|  -  0, 

e+0 


for  0  <  j  <  k.  This  latter  relation  will  be  proved  by  establishing  that  the  estimate 

i**1’  -  *U)I  3  .  +  <  CEV4,  (5.28) 

e  w3(k-i),  (R+) 


holds  for  0  <  i  <  k,  where  the  constant  c  «  c(lfl3^+1). 

The  Inequality  (5.28)  is  proved  by  induction  on  1  .  For  i  “  0  and  i  “  1, 

(5.28)  follows  since  *g0>  -  *><0>  -  f  and  Assume  (5.28)  holds  for  i  <  j, 

where  1  <  J  <  k.  In  order  to  establish  the  result  for  i  •  J  +  1,  note  first  that  the 


definitions  (5.19)  and  (5.20)  imply  that 


.  ^1>,  .  <c{  sup  Iw*1’  -  *(i)' 

e  w3<k’3-n'"(m+>  o«i«j  e 


w3<k-1)M*+) 


where  c  »  c< • f  * ^ •  Since 


<ceV4, 

w3(k-i),-H+) 
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for  0  <  i  <  J,  by  the  Induction  hypothesis,  (5.28)  will  follow  If  It  can  be  demonstrated 
that,  for  0  <  i  <  J, 

_  /  <  >  /  i  i  I/, 

ce  '4  .  (5.29) 


.^<1>-W<1>.  <ceV4 

c  w3(W)..(||+) 


where  again  c  “  cllfl^^).  The  fact  that  w^1'  solves  (5.22)  means  that 

wli)<x)  "  41><x)  “  «*P<-t/e1/2  H**1’  "  41,<»>1  ♦  E/*Me(x,?)3^*i,(C)dC. 


Differentiating  this  relation  with  respect  to  x,  in  the  same  way  that  (5.21)  was 

differentiated  to  yield  (5.23a,b),  and  using  (5.27),  we  readily  obtain  the  estimate, 

|w(i'  _  /*'  |  <  eel/1'  I  , 

e  ye  3<k-i)-l  c  3(k-i)+r 

where  the  constant  c  is  independent  of  w^1 ' ,  '  and  e.  The  bounds  expressed  in 


(S.25)  thus  imply  that 


lw(i>  -  /*>«  <  ce, 

t  *e  3<V-i)-1  ' 


(5.30) 


where  c  »  c*  ,f  '*  Also  imPlied  by  (5.25),  and  the  triangle  Inequality,  is  the 


estimate 


I  w  —  I  S  C  a 

e  we  3<k-i)+1 


(5.31) 


where  c  «  c(lfl^+^).  Standard  results  in  the  interpolation-theory  of  Banach  spaces  now 
come  to  our  rescue  (cf  (2.5)  and  (19,  chapter  11).  Thus,  if  h  denotes  V^1 '  -  w^1'. 


then 


,h'w3(k-i),»(R+)  <  ,h,3(k-i)  ,hl3(k-i)+1 

^  C,h,A-i)-1  ,M3(^i)  +  1 


<  ce  1/4  , 


where  c  «  c t  **  *33^+ 1 '  *  completes  the  induction  argument  in  favor  of  (5.28),  and  tnus 

finishes  the  proof  of  the  lemma. 
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The  outcome  of  lemmas  5.1  and  S.2  is  conveniently  collected  In  the  following 
theorem.  This  Is,  In  effect,  a  higher-order  analog  of  theorem  4.6.  In  the  statement  of 
the  theorem,  is  the  same  positive  amount  that  already  appeared  In  theorem  4.6. 

THEOREM  5.3.  Let  T  >  0  and  a  positive  Integer  k  be  given.  Let  f  e  H  (H+)  and 

g  e  H  ( 0 ,T)  and  suppose  that  g*3*(0)  ■  ^33(0),  for  0  <  j  <  k,  where  the 

functions  are  related  to  f  as  In  (5.19).  Then  there  exists  a  family  ^9e^o<e<e 

06 

In  H  (0 ,T)  such  that 


(1)  g_(0)  ■  g(0 ) ,  lim|"j  -  g| 


e+n 


e  ’  k+1 ,T 


0,  and 


(ii)  there  exists  a  constant  b  -  b  { If  I  , |g|  ),  depending  continuously 

3  3  3K  » 1  K*  I  /  X 

on  Its  arguments,  such  that 

«u(3-1>C,t>l2  ♦  e«34u(J_1>C,t>l2  +  lu(J)C,t)l2  ♦  /tC(»*u<3“‘,)(0,s>)2 

3  X  '  n  " 


♦  oV3”1’  (0,s)12  +  [3xu(j)  <0,s)]2  +  c(3^u(j)  (0,s)]2)ds  < 


holds  for  1  «  J<  k  and  all  e  in  (0 .  Here,  u<3  ^(x.t)  -  3*3  1*u.(x,t)  and  u 

i  t  6  t 

denotes  the  solution  of  (4.1)  with  Initial  data  f  and  boundary  data  gg . 
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6.  EXISTENCE  AND  UNIQUENESS  OF  SOLUTIONS 

The  major  undertaking  of  this  paper  is  to  prove  existence  of  smooth  solutions  of  the 
quarter-plane  problem  for  the  KdV  equation.  Using  the  theory  developed  in  sections  3,  4 
and  5,  this  task  becomes  comparatively  simple.  Recall  that  a  function  u  “  u(x,t)  is 
sought  such  that 


u+u+uu+u  ■  0,  for  x,t  >  0, 

t  X  X  XXX 

subject  to  the  auxiliary  conditions. 


u(x,0) 

-  tlx), 

for  x  >  o. 

u(0,t) 

“  g(t). 

for  t  >  0, 

(6.1 a) 


(6.1b) 


where  f  and  g  are  given  functions. 

The  issue  of  uniqueness  of  solutions  of  this  initial-  and  boundary-value  problem  is 
especially  straightforward  to  settle.  As  the  uniqueness  of  solutions  of  (6.1)  is  useful 
later,  it  is  established  first. 


THEOREM  6.1.  Let  T  >  0  and  a  >  — .  Then,  corresponding  to  given  auxiliary  data 

»  s  + 

f  and  g,  there  is  at  most  one  solution  of  (6.1)  in  the  function  class  L  (0,T»H  (R  )). 


Remarks.  As  usual  in  this  paper,  we  mean,  at  the  outset,  by  the  word  solution  a 
distributional  solution  of  (6.1a)  for  which  the  auxiliary  conditions  (6.1b)  can  be  given  a 
well-defined  sense.  Of  course  if  u  is  a  distributional  solution  of  (6.1a)  which  is 
additionally  known  to  lie  in  a  class  of  smooth  functions,  it  will  follow  that  u  is  a 
classical  solution  of  the  differential  equation.  This  point  will  be  amplified  later  in 
this  section. 

•  a  * 

Proof.  Suppose  that  u,v  e  L  (0,T»H  (R  ))  are  both  solutions  of  (6.1)  corresponding 
to  the  same  data  f  and  g.  The  Hs(R+)-norm  of  u  and  v  is  thus  essentially  bounded 

9  + 

on  (0,T).  In  particular,  for  almost  every  t  in  !0,T),  u(*,t),  v(*,t)  t  H  (R  ). 

Invoking  the  Sobolev  embedding  results  (cf.  (IP,  chapter  1)),  it  may  therefore  be  supposed 
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that,  for  almost  every  t  in  10, TJ,  u(*,t),  ux(*,t),  v(*,t)  and  v*C,t)  are  bounded 

and  uniformly  continuous  functions  on  R+ .  Moreover,  u,  ux,  v  and  vx  are  essentially 

bounded  on  R+*[0,T).  From  this  it  follows  straightforwardly  that  both  u  and  v 
« 

converge,  in  L  (0,T),  in  the  limit  as  x  *  0.  Thus  the  boundary  value  in  (6.1b)  is  taken 
on  meaningfully. 

Let  w  »  u-v  and  X  ”  V2  (u+v).  Then  w  is  a  distributional  solution  of  the  linear 
variable-coefficient  differential  equation 

w  +  w  +  (Xw)  +  w  -  0,  in  R+x(0,T) ,  (6.2a) 

t  X  X  XXX 

which  satisfies  the  auxiliary  conditions 


w(x,0)  -  0, 
w(0,t)  “  0, 


for  x  e  R+, 
for  t  in  (0,TJ. 


(6.2b) 


oo 

The  boundary  condition  in  (6.2b)  holds  at  least  in  L  (0,T),  whereas  it  will  appear 
presently  that  the  initial  condition  is  valid  at  least  in  the  sense  that  lw(*,t)l  +  0,  as 
t  *  0. 

Since  Hq(R+)  is  linearly  and  continuously  embedded  in  HS(R+),  for  q  >  s,  we  may, 

without  loss  of  generality,  suppose  that  s  <  3  and  let  r  =  3  -  s.  Note  that  0  <  r  < 

3/2.  Note  also  that  wx  and  (Xw)^  lie  in  L  (0,T|HS  1 ( H+ ) )  and  that  wxxx  lies  in 

L  (0,TjH  r(R  )).  From  (6.2a)  it  is  thus  apparent  that  wt  lies  in  L  (0,TiH  r(R+)). 

The  spaces  H*(R+)  and  H  r(R+)  are  viewed  as  being  in  duality  in  the  usual 

manner.  The  pairing  between  them  is  denoted  by  sharp  brackets  <  ,  >.  (For  a  detailed 

exposition  of  these  spaces,  and  the  duality  between  them,  the  reader  Is  urged  to  consult 

the  first  two  chapters  of  Lions  and  Magenes  book  [19).)  Note  especially  that  since,  for 

almost  every  t  In  (0,T),  w  r  HB(R+)  and  w(0,t)  ”  0,  it  follows  that  w  e  (R+ ) , 

00  s  +  r  + 

for  almost  every  t  In  [0,T].  Thus  w  c  L  (0,TjH  (R  JfHglR  )).  For  this,  it  Is  crucial 

that  r  <  3/2  of  course.  Otherwise  a  second  boundary  condition  wx(0,t)  «  0  would  be 

r  + 

implied  by  membership  in  HQ(R  ). 
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In  this  situation,  it  is  a  standard  result  (cf.  {18,  p.  71])  that  w  e  C(0,T|IT(R ) ) , 


and  that 


d  -  .2 

tr  M #,t) i  *  <w,vr  >. 

at  t 


Thus,  in  particular,  the  initial  value  in  <6. 1b)  or  (6.2b)  is  taken  on  meaningfully.  The 

1  2 

tight-hand  aide  of  (6.3)  lies  in  L  (0,T).  Hence  lw(*,t)l  is  absolutely  continuous,  and 
upon  integrating  (6.3)  over  10, t],  using  the  equation  (6.2a)  and  the  zero  initial 
condition  in  (6.2b),  there  appears 

•w(*,t)l2  »  -  /t<w,w  +  (xw)  +  w  >dt.  (6.4) 

Q  X  X  XXX 

Since  w  and  (xw)  are  continuous  square-integrable  functions,  for  almost  every  t, 

x  X 


and  w(0,t)  »  0,  it  is  straightforward  that 


f,w  >  »  /"*  w(x,t)w  (x. 


t)dx  »  0, 


<w, (Xw)  >  -  /  w(x,t)(X(x.t)w(x,t))„dx 


V2  r w2(x,t)X  (x,t)dx 
0 

'X*  -  +  'wf,1 

L  (R  »(0,T)) 


<  Mlw(  *,t)l  , 


M  =  V2  lu+vl 


L  <0,T|HS(R+) 


In  the  last  step,  the  fact  that  s  >  3/2  was  vital.  Finally,  we  claim  that 
<w,w  >  >  0,  for  almost  every  t  in  (0,T).  Fix  t  and  let  h(*)  »  w(*,t).  Then 

XXX 

h  e  HS(R+)nHg(R+).  Let  h  be  a  function  in  H  (R+),  say,  such  that 


3^h(0)  -  3jh(0),  for  0  <  j  <  s  -  V2 


*■*  '  *  imp 


Then  h  -  h  « 

H®(R+). 

Hence  there  is  a 

sequence 

(+  },  in  P(R+)  such  that  ♦  +  h  -  h 

n  i  n 

in  the  HS(R+)- 

■norm,  as 

n  *  “.  Let  h 

n 

*  4*  +  he 

n 

The  sequence  (h^^  has  the  following 

properties : 

«*  + 

i)  h 

€  H  (R  ) 

and  h  (0)  ■  0, 

for  all 

n,  and 

n 

n 

ii)  h 

n 

♦  h  in 

HS(R+),  as  n  ♦ 

®e 

Then  33h  ♦  33h  in  H  r(R+)  and  h  ♦  h  in  H*(R+),  as  n  ♦  •*.  Hence, 

x  n  x  n  o 

<h,h  >  m  lim  <h  ,32h  >  «  lim  h  (x)33h  ( x)dx 
xxx  „  nxn  '  n  x  n 

n*®  n*®  0 


-  lim{-  /*3  h  (x)32h  (x)dx)  »  lim  Vo  [3  h  (0)}2  >  0. 
,  .  x  n  x  n  . x  n 

n+®  0  n®» 


Putting  together  the  pieces,  there  appears 

•«C,t>»2  <  M^lwC.T^dT, 

0 

for  t  in  [0,T].  Gronwall's  lemma  thus  implies  that  lw(*,t)>  =  0  on  [0,T],  whence 
w  *  0  and  so  u  »  v,  as  required. 


Attention  is  now  turned  to  the  existence  theory.  It  is  convenient  to  recall  here  the 
notation  introduced  in  section  5.  Namely,  if  f  is  a  given  sufficiently  smooth  function 
defined  on  R+,  then  set  «  f, 

*(1)(x)  -  -  (f<x)  +  V2f2(x)  +  fxx<x)>x, 

and  inductively,  (6.5) 


*(l+1)<x> 


-(* 


(j> 


+  f 


+  V2  (  ^ 


i-0 


Jil.O-i).  V 

•f  )  ). 

X 


Rememher  that  ^^'(0)  «  g^^(0),  where  g^\t)  “  ^g(t),  as  before,  is  just  the  jfc^- 
order  compatibility  condition,  implied  by  the  KdV  equation  (6.1a)  for  solutions  that  are 
sufficiently  smooth  at  the  origin  (0,0).  Here  is  the  main  result. 
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theorem  6.2.  Let  k  Ns  *  positive  integer ,  f  e  H3lc+1  i*"*")  and  g  c  H**^(R+). 

Suppose  the  k  ■*•  1  compatibility  conditions 

g(j)(0)  .  *(j)(0),  for  0  <  j  <  k, 

hold,  where  is  defined  above.  Then  there  exists  a  unique  solution  u  in 

L,  (*+)H3ic+1  (R+) )  of  (6.1)  corresponding  to  the  data  f  and  g.  In  case  k  >  1,  u 

IOC 

+  + 

defines  a  classical  solution,  up  to  the  boundary,  of  (6.1)  in  the  quarter  plane  R  XR  . 

The  proof  of  this  result  relies  on  the  theory  for  the  regularized  problem  developed  in 
sections  3,  4,  and  culminating  in  theorem  5.3.  To  make  use  of  the  last-quoted  result,  the 
following  technical  lemma  seems  essential. 

LEMMA  6.3.  l,et  f  and  g  be  as  In  theorem  6.2.  Then  there  exist  sequences 
{ff|)1  (R*)  and  {g^  f.  C  (»*)  such  that 

1)  g^’fO)  *or  0  <  j  <  k,  and 

fN  ♦  f  in  H3lt+1(«+), 

k+1  + 

g  in  Hloc(*  1  • 

Here  1*  as  defined  in  (6.5)  with  fN  replacing  f  and  g^3'  »  3t9N" 

Proof .  Let  5.  H  (■  )  and  {hj^  C  (R  )  satisfy  condition  (ii)  in  the 

statement  of  the  lemma,  relative  to  f  and  g,  respectively.  Define 

*j  *  ^J)<0)  for  0  <  J  <  h, 

where  ’n  1113  * ^  ^ 

where 


is  given  as  in  (6.5).  Then  set 
g^ft)  •  hjjft)  -  Pj,(t), 


P  (t)  -  1 

3-0 


N  t 

*3  3! 


3 
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By  construction,  f or  0  <  j  <  k, 

gi3)(0)  "  hi3)<0)  -  a j  “  43)<0>* 

®  +  V+ 1  + 

Moreover,  g^  £  C  (R  ),  for  each  N*  It  remains  to  verify  that  g^  ♦  g  in  (fc  )• 

lr+1  + 

This  will  be  true  if  and  only  if  Pv  ♦  0  in  H,  <R  ).  But,  for  0  <  j<  k, 

N  IOC 


lim  a 4  -  lim  /h‘j)(0)  -  /j)<0>)  -  0, 

N+-  3  N+«  N  N 


since  f  and  g  satisfy  k+1  compatibility  conditions.  Let  T  >  0  be  given.  Then 

V  k+i  <  5  i-i'  if- ,t3'  k+i 

N  n  +  ( 0 ,  T  )  j-0  3  3  Hk+1(0,T) 


1 

* 


<  I  Mja"|, 
j-0  3  11 


where  the  constants  Mj  depend  only  on  j  and  T.  Since  a^  *  0,  as  N  +  +°>,  for 
each  j,  it  follows  that 

Vk+1  „  * 

H  (0,T) 


as  N  ♦  Since  T  >  0  was  arbitrary,  the  lemma  is  established. 


The  next  step  in  the  proof  of  theorem  6.2  is  to  establish  that  solutions  of  (6.1) 
exist  in  case  f  and  g  happen  to  be  infinitely  smooth. 


PROPOSITION  6.4.  Let  there  be  given  a  positive  number  T  and  a  positive  integer  k. 

CO  +  CD 

Let  f  e  H  (R  )  and  g  e  H  (0,T)  satisfy  k+1  compatibility  conditions. 


g<3)<0)  -  *<31(0),  for  0  <  j  <  k. 


—  3k+ 1  + 

Then  there  exists  a  solution  u  of  (6.1)  in  L  (0 ,Tj H  (R  ))  corresponding  to  the 
data  f  and  g.  Moreover,  there  exists  a  constant 


such  that 


b“  b<'f,3k+l',9'k+1,T) 


l«(,‘nc,t)lj  +  lu(3)C,t)l1  <  b. 


for  1  <  j  <  k,  where  m  3^u.  The  constant  b  depends  continuously  on  Its 

arguments. 

Proof.  The  proposition  follows  from  theorem  5.3.  More  precisely,  theorem  5.3 

OB 

provides  the  following.  There  is  a  5  >  0  and  a  family  such  that 

ge(0)  »  f(0),  and 

lgt  “  9,k+1,T  *  °*  ”  6  +  °* 

Let  u£  be  the  solution  of  the  regularized  initial-  and  boundary-value  problem  (4.1), 
corresponding  to  the  data  f  and  g£.  Then  there  is  a  constant  b  -  ^****3k+l' 

|glk+1  depending  continuously  on  its  arguments,  but  independent  of  e  in  (0,5], 
such  that 


lu(j*1)C,t)l23  +  +  ,u<3)<*'t>,i 


(6.7) 


’(O.s)]2  +  Kxx  <°'8,)  +  lV  <0'8>J  +  6tuxx  <0,8)5  )d“  *  b' 

XXXX  XXX  X  XX 


for  0  <  j  <  k.  (In  (6.7),  the  subscript  e  has  been  suppressed  when  writing  ue.)  And, 
from  corollary  3.9, 

3tue  e  C(0,T>Ha(R+)), 

for  all  non-negative  integers  i  and  m.  Thus 

^3tue30<e<5  is  bounded  in  L  (0,T»H3 (R+) ) , 

for  0  <  j  <  k  ,  and 

{3^ue)0<e<{  is  bounded  in  L*(0,T»H1 («+)). 

If  H  is  any  Hilbert  space,  then  l"(0,TiH)  is  the  dual  of  L^O.TiH).  (Here,  H  is 

OB 

identified  with  its  dual  space.)  In  consequence  of  this  fact,  the  unit  ball  in  L  (0,T;H) 
is  compact,  for  the  weak-star  topology  induced  by  l'(0,T»H).  Hence,  by  taking  a  sequence 
from  (0,5]  converging  to  0,  and  passing  progressively  to  further  subsequences,  we  deduce 
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«*» 


the  existence  of  a  sequence  {e  }  ,  with  e  +  o  such  that  if 

n  i  n 


u  (x,t)  -  u.  (x#t) ,  n  -  1,2,3, ••*, 

n  fc 

n 


then  there  are  functions  u  and  0^  in  L  (0#TjH  tR  >>  ,  0  <  j  <  k#  and  a 

Uk  in  L*(0,T/H^ (R+ ) ) ,  such  that 

uR  ♦  u  weak-star  in  L  (0,T»H3(R+) ) ,  'j 


3^u  ♦  0,  weak-star  in  L  (0,TiH3(R+) ) , 

t  n  3 


function 


for  0  <  j  <  k,  and 


3fcu  ♦  U.  weak-star  in  L  (0,T»H*(R+) ) , 
t  n  K 


a  3  + 

as  n  ♦  +“.  Since  u  *  u  weak-star  in  L  (0,T|H  (R  ) ) ,  certainly  u  *  u  in 
n  n 

V'  (0,TjH3(B+) ).  Hence  3^u  ♦  3^u,  for  all  j,  at  least  in  the  distributional  sense. 

t  n  t 

Because  of  (6.8),  we  may  therefore  identify  with  3^u,  for  0  <  j  *  k. 

Note  also  that  if  ?u  »  (3  u  ,3  u  ),  then  {?u  ),  comprises  a  bounded  sequence  in 
n  x  n  t  n  n  i 

L°’(0,T>H1  (R+))xL°\o,T|H1  (R+>).  Since  H1(R+)  cCj^B*),  this  means  that  each  component  of 

»  «  4  «• 

(Vu  }  is  a  sequence  uniformly  bounded  in  L  (R  *(0#T)K  In  consequence#  tu  forms 
n  i  n  l 

an  equicontinuous  sequence,  when  restricted  to  any  compact  subset  of  R  * (0,T) .  Hence  for 

t  1* 

any  M  >  0,  lu  ),  is  precompact  in  C( 10, MJ *[0,TJ ) ,  by  the  Ascoli-Arzela  lemma.  So  by 
passing  to  still  further  subsequences,  and  finishing  off  with  a  Cantor  diagonalizatlon,  it 
may  be  presumed  that 

as  n  ♦  +**, 

u  +  u  ,  uniformly  on  compact 

n  -+ 

subsets  of  R  *[0,T). 

(More  precisely,  this  argument  leads  to  the  conclusion  that  u^  *  v,  uniformly  on  compact 

subsets  of  R+*[0,T),  as  n  *  +“.  This  in  turn  implies  that  un  +  v  in  <R+*(0,T)) 

and  thus  leads  to  the  identification  v  -  u.)  Exactly  the  same  argument  holds  good  for 

33u  ,  provided  j  <  k.  Thus,  for  0  <  j  <  k, 
t  n 


.  jjl 


a*  n  ♦ 

3^un  ♦  3^u  uniformly  on  compact  (6.9) 

subsets  of  R+x(0,T]. 

By  a  different  argument,  which  makes  use  of  the  fact  that  H^(0,M)  is  compactly  embedded 
in  1*2 ( 0,M)  for  any  M  >  0,  (of.  Leona  7  in  (8))  it  may  also  be  presumed  that 

.  .  as  n  ♦  +*,  almost 

3*u  ♦  3*u,  (6.10) 

n  everywhere  in  R  X(0,T). 

By  passing  to  a  further  subsequence,  if  necessary,  it  may  be  supposed  as  well  that,  as 
n  ♦  +“, 


u  3  u 

♦  w 

weak-star 

in 

l"(0,T»H2(R+)), 

n  x  n 

3  u 

x  n 

♦  V 

weak-star 

in 

l" (0,t,h2(r+ )), 

and 

a3 

3  u 
x  n 

♦  V 

weak-star 

in 

L  (0,T»L2(R+)). 

Because  of 

(6.9), 

u  ♦  u 
n 

,  2.2 
and  u  *  u 
n 

in 

P*  (R+x(0,T) ) .  Hence  the  identifications 

w  -  3  u2,  v  »  3  u,  V  -  33u  follow.  Moreover,  3  32u  is  bounded  in  L  (0,T|H  \r+  ) ) , 
x  xx  t  x  n 

2 

so  e  3  3  u  *0  strongly  in  this  space,  as  n  +  +■*  . 
n  t  x  rt 

The  reader  will  appreciate  now  that  there  Is  in  hand  enough  Information  to  pass  to  the 
limit  n  +  +••  In  the  regularized  equations  and  conclude  that,  at  least  in  the  distribu¬ 
tional  sense,  u  satisfies  the  RdV  equation, 

ut  +  ux  +  uux  +  "xxx  “ 

in  R  X(0,T).  Moreover,  as  u€(x,0)  =  f(x)  and  ue(0,t)  ■  9e(t)  for  0  <  e  <  5,  it 
follows  from  (6.9),  for  example,  that 

u(x,0)  “  f(x),  for  x  e  R+, 

and 

u(0,t)  -  g(t)  for  t  £  JO, T). 

Thus  u  does  Indeed  provide  a  solution  of  (6.1)  on  R+x[0,T] .  Moreover,  by  the  lower- 
semicontlnuity  of  the  norm,  relative  to  weak-star  convergence,  (6.7)  implies  that 

•u^'c.tjlj  «  b, 

for  0  <  j  <  k,  and 
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•u<IC)C,t)l,  <  b, 

where  b  -  b(lfl  ,  |g|  )  is  the  constant  obtained  earlier  from  theorem  5.3. 

3k+  1  i  pT 

m  1  4,  «•  2  + 

Notice  that,  if  k  -  1,  then  ufc  £  L  (0,T»H  (H  >)  and  ux,  uux  £  L  (0,T»H  (E  )). 
Hence,  froo  the  differential  equation,  uxxx  £  (0,T»H1<E  )),  whence 

u  «  L*(0,T>H4(E+)).  If  k  >  1,  this  type  of  simple  argument  may  be  continued 
inductively.  The  outcome  is  that 

3^u  £  l"(0,TiH3,)'"3)','1(E+)>,  (6.11) 

for  0  £  j  £  k. 

finally,  (6.11)  and  standard  interpolation  results  ([19,  Ch.  1,  Theorem  3.11)  yield 
the  following  additional  smoothness  results : 

3^u  £  C<0,T»H3tk_1)-1/2  <H+)),  (6.12) 

for  0  <  j  <  k. 

In  particular,  if  k  >  1,  certainly  u  £  C(0,T»H4(E+) ) .  Therefore,  ut,  u^  uux,  and 
“xxx  a11  U®  in  C(0,T»H1(E+)).  As  this  latter  space  is  embedded  in  C^E* *(0,1) ) ,  it 
follows  that,  after  possible  modification  on  a  set  of  measure  rero,  all  the  derivatives  in 
the  differential  equation  are  continuous,  and  bounded,  functions.  Consequently,  if  k  >  1, 
u  is  a  classical  solution  of  the  quarter-plane  problem  for  KdV. 

The  proof  of  the  proposition  is  now  completed. 

Bemark.  Because  the  solution  u  obtained  in  proposition  6.4  lies  within  the  realm  of 

the  uniqueness  theorem  6.1,  the  entire  family  ^ue^o<e<6  *s  *n^err*£*  bo  converge  to  u,  in 

the  various  senses  appearing  in  the  proof.  This  is  because  we  actually  prove  that  any 

sequence  (e  }.  in  (0,5),  with  e  *0,  as  n  ♦  +*,  has  a  subsequence  such  that  the 
n  1  n 

corresponding  functions  converge  to  a  solution  of  (6.1),  which  by  uniqueness  must 

be  u. 

The  last  proposition  gives  very  nearly  the  result  stated  in  theorem  6.2,  The  only 
essential  difference  is  that  f  and  g  are  assumed  to  be  infinitely  differentiable. 

Using  lemma  6.3,  this  added  assumption  may  be  shown  to  be  unnecessary. 
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Proof  (of  theorem  6.2).  Suppose  now  that  f  c  H3k+1(R4'))  and  g  e  h*+1(R*)  are 

loc 

fixed,  and  that  f  and  g  satisfy  the  first  k  +  1  compatibility  conditions,  as  in  the 
statement  of  the  theorem.  Fix  T  >  0.  By  lemma  6,3,  there  exist  sequences  {f  K  £ 

H  (R  )  and  (g^}j  £  C  (R+)  such  that 


fN  *f 


H3k+,(«+). 


(6.13) 


*  g  in  hk  (o,t), 

as  N  ♦  +•  .  And,  for  each  H  >  0,  f  ^  and  g^  satisfy  the  same  k+1  compatibility 
conditions  satisfied  by  f  and  g.  The  last  proposition  thus  applies,  and  it  is  concluded 
that  there  is  a  solution  u^  of  (6.1),  on  R  *(0,T1,  corresponding  to  the  data  f„ 
and  g^.  Moreover,  ^Ju^  t  L  (0,TjH  J  (R  )),  for  0  <  j  <  k,  and  if 


then  for  0  <  J  <  k. 


bt '  *  3k+ 1  *  ^  kt  1 ,  T  ^  * 


3Ju  I  <  b  i 

t  N  “  3  +  N 


.  ,  +  <  V 

L  (0,T|H * (R+ ) ) 


Because  of  (6.13)  and  the  fact  that  b  is  bounded  as  its  arguments  vary  over  a  bounded 
set,  there  is  a  constant  B,  independent  of  N,  such  that 

•»k»  -  3  +  «  b, 

*  ”  L  (0,T|H3(R  )) 


for  0  <  j  <  k. 


(6.14) 


l3Xu  1 

*  N  L°'(0,T|H1(R+)) 


In  consequence  of  the  bounds  expressed  in  (6.14),  the  arguments  of  proposition  6.4  may 
be  repeated  without  essential  change  (the  extra  smoothness  available  during  the  proof  of 
the  proposition  was  not  used,  nor  was  the  regularizing  term  ~euxx^)*  lt  ls  concluded 
therefore  that  (u^J^  converges  to  a  function  u^,  say,  in  the  various  ways  already 
detailed  in  the  proof  of  proposition  6.4.  As  before,  u^  provides  a  solution  of  (6.1) 
corresponding  to  the  data  f  and  g,  on  R+*{0,TJ. 
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The  above  argument  applies  for  any  fixed  T  >  0.  Define  a  function  V  on  R+  *R+  by, 

U(x,t)  -  u^x.t), 

provided  that  t  <  T.  This  is  well-defined  because  of  the  uniqueness  result*  It  is  clear 
that  U  provides  the  solution  whose  existence  was  contemplated  in  the  statement  of  theorem 

6.2.  The  fact  that  U  is  a  classical  solution  of  the  problem  (6.1),  if  k  >  1,  follows 
exactly  as  in  the  proof  of  proposition  6.4.  The  theorem  is  thus  established. 

It  is  perhaps  worth  comment  that  theorem  6.2  also  holds  if  k  *  0.  This  result 
subsists  on  the  e-independent  H1 (*+) -bound  established  in  corollary  3.6.  The  proof  of 
existence  of  these  weaker  solutions,  while  a  little  more  delicate  than  the  proof  of  theorem 

6.2.  fits  more  or  less  directly  into  the  framework  exposed  in  the  proof  of  proposition 

6.3.  (The  extra  ingredients  may  be  found,  for  example,  in  [8,  appendix  A].)  For  this 
reason,  we  content  ourselves  with  a  statement  of  this  further  consequence. 

THEOREM  6.5.  Let  f  e  H^  (R+)  and  g  e  H?  (R+),  and  suppose  f(0)  «  g(0).  Then 

loc 

«  +  1  + 

there  exists  a  solution  u  in  L.  (R  »H  (B  ))  of  problem  (6.1)  corresponding  to  the 

loc 

data  f  and  g. 

Remarks .  By  a  solution  we  mean  as  usual  a  solution  in  the  sense  of  distributions.  In 
this  case  the  uniqueness  result  does  not  apply. 

Note  that,  for  any  T  >  0,  ut  c  l"(0,T»h”2(R+>>,  from  the  equation.  Hence  ue 
C(0,TiH~  ^2  (B+) )  (cf.  again  (19,  Chapter  1}),  so  the  initial-value  is  taken  on  in  a  weak, 
but  meaningful  way.  Note  as  well  that  L*(0,T»H1 (R+)>  £  L*(0,T>Cb(R+)).  Hence  for  almost 
every  t  in  (0,T],  u(x,t)  is  continuous  in  x  at  x  ■  0  .  Thus  the  boundary-values 
are  also  obtained  in  a  meaningful  way. 


7.  CONCLUSION 


The  quarter-plan*  problem  (1.3)  is  argued  to  be  a  natural  configuration  in  which  to 
use  the  KdV  equation  for  the  prediction  of  wav*  propagation  in  a  uniform  channel.  The 
general  idea  behind  the  use  of  this  form  of  initial-  and  boundary-value  problem  for  testing 
the  appurtenance  of  the  KdV  equation  may  be  appreciated  by  reference  to  figure  1.  With  the 
liquid  initially  at  rest  (f  5  0),  a  waveaaker  located  at  one  end  of  the  channel  is 
activated.  The  passage  of  the  waves  down  the  channel  is  recorded  by  probes,  the  recording 
nearest  the  wavemaker  being  construed  as  the  boundary  data  g(t).  Note  that  if  the  waves 
are  in  the  regime  to  which,  formally,  KdV  applies,  then  they  are  expected  to  be  smooth, 
and  so  g  will  lie  in  t>( 0,T),  for  some  T  >  0.  In  consequence,  the  data  so  determined 
will  satisfy  the  compatibility  conditions,  expressed  for  example  below  (6.S),  to  all 
orders.  Hence  the  theory  developed  herein  is  applicable. 

Our  theory  demonstrates  that  problem  (1.3)  has  unique  smooth  solutions,  corresponding 

to  such  smooth  and  compatible  data.  This  is  a  step  in  the  direction  of  a  satisfactory 

mathematical  analysis  of  the  situation  envisaged  in  figure  1.  Another  important  step, 

which  has  not  bean  treated  here,  is  a  result  of  continuous  dependence  of  the  solutions  on 

variations  of  the  data.  Also,  in  considering  comparisons  of  the  model's  predictions  with 

laboratory-scale  experiments,  soma  compensation  for  dissipative  effects  must  be  Included 

(cf.  [10]).  Less  important,  but  still  of  some  mathematical  interest,  is  a  possible 

improvement  of  the  regularity  theory  to  bring  this  aspect  into  line  with  the  theory  for  the 

pure  initial-value  problem  (cf.  [8}  or  [16)).  We  have  shown  that  if  f  e  H3lt+1(*+)  and 
k+1  + 

g  t  H  (■  )  satisfy  the  appropriate  compatibility  conditions  at  (x,t)  -  (0,0),  then  the 
quarter-plane  problem  has  a  solution  in  L*oe(*+,H^lt+\*+ ) ) .  Whereas,  we  confidently 
expect  the  solutions  to  lie  in  C(«+iH31<+ 1  <*+) ) .  In  fact,  this  latter  point  seems  to  be 
related  to  a  sharp  version  of  continuous  dependence  of  solutions  on  the  data. 

It  deserves  emphasis  that  a  satisfactory  numerical  scheme  for  the  configuration  in 
view  here  is  essential  to  effect  any  quantitative  comparisons  of  laboratory  data  with 
predictions  of  the  model.  Especial  care  must  be  exercised  here.  First,  control  of  the 
high-frequency  end  of  the  Fourier  spectrum  must  be  assured.  Otherwise  an  untenable  error 
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may  be  created  near  x  -  0  ,  due  to  the  large  negative  phase  and  group  velocity  associated 
to  such  components  (cf .  (4,  $2]).  Secondly,  the  Integration  will  in  fact  take  place  on  a 
bounded  spatial  domain,  forcing  the  imposition  of  additional  boundary  conditions.  This  in 
turn  will  lead  to  consideration  of  an  initial-  and  two-point- boundary-value  problem  for  the 
KdV  equation,  and  to  consideration  of  the  relation  of  such  a  problem  to  the  situation 
studied  here.  The  difficulties  seem  numerous  enough  to  warrant  insisting  on  a  scheme 
having  rigorously  derived  error  bounds.  Thus  far,  such  schemes  seem  to  be  available  only 
for  the  periodic  initial-value  problem,  (cf.  II],  [2]  ,12  9]  and  [30]). 

Finally,  it  is  worth  remarking  that  the  methods  embodied  in  this  paper  might  yield  a 
comparison  theorem  between  the  quarter-plane  problem  (1.3)  for  KdV  and  the  analogue 
quarter-plane  probem  for  (1.4)  studied  in  [5],  and  used  in  the  comparisons  with 
experimental  data  reported  in  [10]  .  Such  a  program  of  comparison  of  model  equations  has 
been  carried  out  for  the  associated  pure  initial-value  problems  in  [11],  using  the  general 
line  pursued  herein.  Thus  there  is  some  cause  for  hope  that  a  similar  result  is  obtained 
in  the  present  context. 
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